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1. Introduction

It is often required to eliminate unknown variables from a
system of linear equations. Although it is not a major issue, if
number of unknown is two when Classical Algebra is used.
However, in this method, significant calculation load is
observed when the number of unknown is three or more. So
there was a need to develop a shortcut to faster the process of
elimination. We are going to use Linear Algebra to achieve the
same.

2. Development

For better understanding let’s start with a linear system of order
2x2 and then upgrade to a higher order system i.e., 3x3 or
more.

System of linear equations with two variables x and y:

Using Linear Algebra, (1) and (2) together can be written as

{alx+bly} _{cl}
a2x+b2y 2x1 CZ 2x1

a, b c
=l o] BLole]
az bz 2%2 y 2x1 CZ 2x1

= A, Xy =By ®)

*Corresponding author: director@kasturieducation.com

a, b X
Where =t Y, X, = and
AQXZ |:a2 b2 :|2><2 ZXl {y:| 2x1

Cl
B,y = { } are three matrices.
2 121

Note that (3) is a matrix equation. Very interestingly X. . isthe

2x1
only unknown matrix. Whereas A, , and B, are known
matrices. When we try to solve this linear system, in fact, we
attempt to solve the matrix X, .

The determinant of the matrix A, , is given by
a1 bl
a‘2 bZ

= (ab, —ah,) oo “

Multiplying (4) by x, we get
al bl
a‘Z b2

ax b

X. A=X.

a,x b,

Further multiplying (5) by y, we get
ax bl lax by

a,x b,y

X.A.y=Yy.

a,x b,

Applying Column Transformation, we get

< A y:aiX+b1y byl _|& by e b
ax+by by c, by “c, b
b.
N
CZ 2
c, b
Suppose szcl ! =(cb, —c,b) ... 6)
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Similarly multiplying (4) by y, we get
a'1 bl
a‘2 bZ

a, by

y.A=Y.
a, by

Further multiplying (8) by x, we get

a b
a, by

_lax by

Y. A X=X

a,x b,y

Applying Column Transformation, we get

X X+b X C C
yoa.xo|EX @D _fax el e
a,x a,Xx+hb,yl la,x ¢, a, C,
a ¢C
:yA: 1 1
2 CZ
Suppose A = o =(a,C, —a,C;) ccovnnnn )
2 2
=Y. A=A,
Ay
=YY= 10
y A (10)
Combining (7) and (10), we get
A A
X=—2 y=-"L ... 11
A y A (11)

Result (11) gives the solution of a 2x2 linear system. It is
called Cramer’s Rule.

Note:

(i) 1f ¢, =0 and c, =0 , then the system is called a 2x 2
homogeneous system.

(if) A 2x2 homogeneous system is expressed as
ax+by=0
a,x+b,y=0

(iii) Homogeneous system must have at least one solution. If

satisfied by (0,0) only and nothing else, the system is said
to have a trivial solution. Whereas if satisfied by infinitely
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many solutions including (0,0), the system is said to have
non-trivial solutions.

(iv) For non-trivial solutions, A=A, =A =0.

(v) If the linear system has infinitely many solutions, that
means there exist infinite number of ordered pairs of real
numbers (x, y) satisfying the linear system.

(vi) For a homogeneous system,

0 b a O
1 1 — 0 .

0 b, a, 0

So the system will have a trivial solution i.e., satisfied by

(0,0) only, if A # 0. Whereas the solutions are non-trivial,

if A=0.

A :OandAy:

=

Application:
Eliminate x and y from the following system.

ax+by=0
a,x+b,y=0

Sol.

Itisa 2x2 homogeneous system. Therefore we can eliminate
x and y from the given linear system if and only if there exist
solutions other than (0,0). Then the system should have non-

trivial solutions. Then A =0.

System of linear equations with three variables x , y and z:

ax+by+cz=d, ... (12)
ax+hy+c,z=d,........ (13)
aX+bhy+c,z=d,......... (14)

Using Linear Algebra, (12), (13) and (14) together can be
written as

ax+by+cz [d,
ax+hby+c,z| =|d,
ax+by+cz|  [d, |,

al bl Cl _X 1
=|a, b, ¢, Y| =0,

3 ba Cs 33 L Z 3x1 313a
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=S>A . X =Bgqo (15)
al bl Cl X
where A, =la, b, c,| . Xy= |V
8 b3 Cs 3x3 Z 31
d,
and B, =|d,| arethree matrices.

3 13«1

Note that (15) is a matrix equation. Very interestingly X, is

the only unknown matrix. Whereas A, , and B,, are known
matrices. When we try to solve this linear system, in fact, you

attempt to solve the matrix X, .

The determinant of the matrix A3X3 is given by

& b ¢
A=la, b, ¢,
a3 b3 03

= ai(bzcs - bscz) - b1(a2C3 - ascz) + Cl(a2b3 - a3b2)

........... (16)
Multiplying (16) by x, we get
a b c| jax b ¢
X.A=X.la, b, C,=[a,x b, C,| .eriivrr. (17)
a; by ¢ |a;x by ¢,
Further multiplying (17) by yz, we get
ax b ¢l |[ax by cz
X.Ayz=yz.]a,x b, c,|=la,x b,y c,z
aX by ;| |agx byy c,z
Applying Column Transformation, we get
aXx+by+cz by czl |d, by cz
X.Ayz=la,x+b,y+c,z b,y c,zj=/d, b,y c,z
aX+by+cz by cz| |d; by c,z
dl bl Cl
=yz.|d, b, ¢,
d3 b3 C3
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dl bl Cl
Suppose A, =|d, b, ¢,
d3 b3 C3

= dl(b2C3 - bacz) - bl(dZCS - dacz) + Cl(d2b3 - dzbz)

........... (18)
=>X. A=A,
= X=—> ... (19)
Similarly multiplying (16) by y, we get
al bl Cl al bly C1
y.A=y.la, b2 c,|=1a, bzy Cpl vevvvennnn (20)
a, by ¢ Ja; by ¢
Further multiplying (20) by zx, we get
a by c| |ax by cz
y.Azx=1zx.la, b,y c,|=la,x b,y c,z
a, byy c;| |a;x by c,z
Applying Column Transformation, we get
ax ax+by+cz cz| |ax d, cz

y.Azx=[|a,x a,x+b,y+c,z c,z|=[a,x d, c,z

X A X+by+cz cz| |agx d; C,z
al d1 C1

=2x.la, d, ¢,
aS d3 CS

a, dy ¢
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Similarly multiplying (16) by z, we get

a b c| |a b ¢z
z.A=12.]a, b, b, c,z........... (23)
b, c,z

c,|=1a,
a, b, ¢ |a,

Further multiplying (23) by xy, we get

a b cz| |ax by cz
Z.AXy=xy.la, b, c,zj=la,x b,y c,z
a, by, cyz| |a;x by c,z

Applying Column Transformation, we get
aXx by ax+by+cz| [ax by d;
z.Axy=a,x b,y a,x+b,y+c,zj=la,x b,y d,

aX by ax+byy+c,z| |a,x by d

a1 d1 C1
=xy.la, d, c,
a3 d3 C3

Suppose A, =|a, b, d,

a3 3 3

= a, (b,d, —byd,) — b (a,d; —a,d,) +d,(a,b; —a;b,)

Result (26) gives the solution of a 3x3 linear system. It is
called Cramer’s Rule.
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Note:

(i) 1fc,=0,c,=0 and c; =0, then the system is called

a 3x 3 homogeneous system.

(if) A 3x3 homogeneous system is expressed as
ax+by+cz=0
a,x+b,y+c,z=0
a;Xx+b,y+c,z=0

(iii) Homogeneous system must have at least one solution. If
satisfied by (0,0,0) only and nothing else, the system is said
to have a trivial solution. Whereas if satisfied by infinitely
many solutions including (0,0,0), the system is said to have
non-trivial solutions.

(iv) For non-trivial solutions, A=A, =A, =A, =0.
(v) If the linear system has infinitely many solutions, that
means there exist infinite number of ordered triplets of real

numbers (X, y, z) satisfying the linear system.

(vi) For a homogeneous system,

0 b ¢ a 0 ¢
Ay=l0 b, ¢|=0, A ,=la, 0 ¢,|=0
0 b, c a, 0 ¢
a b 0
and A, =|a, b, 0=0.
a, b, O

So the system will have a trivial solution i.e., satisfied by
(0,0,0) only, if A = 0. Whereas the solutions are non-

trivial, if A=0.

Application:
Eliminate x, y and z from the following system.
ax+by+cz=0
a,x+b,y+c,z=0
a;X+by+c;z=0
Sol.
Itis a 3x3 homogeneous system. Therefore, we can eliminate

X, y and z from the given linear system if and only if there exist
solutions other than (0,0,0). Then the system should have non-

trivial solutions. Then A=0.
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& bl C,
=la, b, ¢,|=0.
a3 b3 C3

System of linear equations with n number of variables
Xis Xy Xgy veeens y Xpq and X, :

Ay Xy + X, + X3 F s TaX, =44

A Xy T 80X, T 8%y Fovenne T X, = L
831X, + 85 X) + 8ggXg Fovennn T X, =l
anlxl + anZXZ + an3X3 Fon + a‘nn Xn = Hy

This system is homogeneous when =0, 1, =0, =0,
.......... and g, =0. Like a 2x2 or a 3x3 homogeneous

systems, an Nxn homogeneous system will also have a trivial
solution i.e., satisfied by (0,0,0,......... ,0) only and nothing
else, if A #0. Whereas the solutions are non-trivial, if A=0

&y B, a3 . &,y

a‘Zl aZZ a23 a‘2n
 where A — 8y Qp A e Ay

anl anZ a‘n3 a‘nn
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Application:

Eliminate X;, X;, X3, ...ecv. y Xp1 and X, from the following
system.

Ay X +8,X, + A% e +a,X, =0

By X) + 80X, +8sgXg e, +a, X, =0

Qg X T 8g Xy +AggXg o, +a,X, =0

Ay X +a,X, F A X F e, +a,X,=0

Sol.

Itisa nxn homogeneous system. Therefore we can eliminate
Xpr Xy Xgpeereens y X,y and X, from the given linear system if
and only if there exist solutions other than (0,0,0,....,0). Then
the system should have non-trivial solutions. Then A =0.

a; ap A3 . Ay

a‘21 a22 a23 a‘2n
=18y 85 8y .. 84|=0-

anl anz an3 a‘nn
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