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Abstract: The Sumudu–Finite Mellin Transform (SFMT) is a 

new hybrid integral transform obtained by combining the kernels 
of the Sumudu transform and the finite Mellin transform. In this 
paper, the Sumudu-Finite Mellin Transform is introduced and 
studied in the framework of generalized functions. Suitable testing 
function spaces are defined using the Gelfand–Shilov technique to 
establish the distributional form of the transform. Further, 
important operational properties such as shifting and scaling are 
obtained. These results extend the theory of hybrid integral 
transforms and provide a useful analytical tool for solving 
differential and integral equations over finite domains.  
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1. Introduction 
Integral transforms play an important role in solving 

differential, integral, and integro-differential equations arising 
in mathematics, physics, and engineering [1], [2]. Among them, 
the Sumudu transform, introduced by Watugala, has gained 
importance because of its dimensional preserving property and 
efficiency in solving initial and boundary value problems [3], 
[4], [5]. 

The Sumudu transform has found applications in heat 
transfer, fluid dynamics, and control theory, making it an 
effective alternative to the Laplace transform [4], [6]. On the 
other hand, the Mellin transform is widely used in asymptotic 
analysis, signal processing, and number theory [7]-[9]. Its finite 
form, known as the Finite Mellin Transform, extends its 
applicability to finite interval problems [9], [10]. 

The theory of generalized transforms has been developed 
through testing function spaces and distribution theory, mainly 
using the Gelfand–Shilov framework [11]-[13]. This 
framework provides a rigorous basis for establishing important 
properties such as analyticity, inversion, and uniqueness [13], 
[14]. 

Recent developments in hybrid integral transforms have 
shown that combining classical transforms can provide stronger 
analytical tools for solving differential and integral equations 
[15]-[17]. Such combined transforms inherit useful operational 
properties from their constituent transforms and extend their  

 
applicability to broader mathematical problems [2], [9]. 

Motivated by these developments, the Sumudu–Finite Mellin 
Transform (SFMT) is introduced by combining the kernels of 
the Sumudu transform and the finite Mellin transform [4], [9], 
[10]. In this paper, the Sumudu–Finite Mellin Transform is 
studied in the distributional sense by defining suitable testing 
function spaces and establishing its shifting, scaling, 
analyticity, and inversion properties using Gelfand–Shilov 
techniques [12], [14], [17]. These results extend the theory of 
hybrid transforms and may be useful for solving differential and 
integral equations over finite domains [6], [18], [19]. 

2.  Testing Function Spaces 

A.  The Space , , , , , :f a b c dSM β
α  

The Space , , , , ,f a b c dSM β
α  is defined as, 
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where, the constants ,A B and C depend on the testing function 
.φ  

 
B.  The Space , , , , , :f a b c dSM γ  
The Space , , , , ,f a b c dSM γ  is defined as, 
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3.  Distributional Generalized Sumudu ⎯ Finite Mellin 
Transform �𝑆𝑆𝑀𝑀𝑓𝑓𝑇𝑇� 

For , , , , ,
*

,( , ) f a b c df t x SM∈ α
β where , , , , ,

*
f a b c dSM α
β is the dual space 

of , , , , , .f a b c dSM α
β It contains all distributions of compact support.  
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The distributional Sumudu ⎯ Finite Mellin Transform is a 

function of ( , )f t x is defined as, 
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Where, for each fixed (0 ), (0 ), 0t t x x a u< < ∞ < < >  and 
0,p > the right-hand side of (3.1) has a sense as an application 
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4. Operators on the Space , , , , ,f a b c dSM β
α  

A. Proposition: (Shifting Property for Sumudu Transform) 
If ( ) , , , , ,, f a b c dt x SM∈ β

αφ  and ξ  is fixed number then 

( ) , , , , ,, , 0f a b c dt x tSM+ ∈ + >β
αφ ξ ξ and 

( ) , , , , ,, , 0.f a b c dt x tS M+ ∈ + <ν β
αφ ξ ξ  
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Thus ( ) , , , , ,, ,f a b c dt x SM+ ∈ β
αφ ξ for 0.t + >ξ  

Similarly, it can be shown that ( ) , , , , ,, ,f a b c dt x S M+ ∈ ν β
αφ ξ for 

0.t + <ξ  
 
4.2 Proposition 
The Translation (Shifting) operator ( ) ( ): , ,t x t x→ +ξ φ φ ξ  is 
a topological automorphism on , , , , , ,f a b c dSM β

α for 0,t + >ξ and 

it is a topological isomorphism from , , , , ,f a b c dSM β
α  onto 

, , , , ,f a b c dS Mν β
α for 0.t + <ξ  

 
4.3 Proposition: (Scaling Property for Sumudu Transform) 
If ( ) , , , , ,, f a b c dt x SM∈ β

αφ and 0,p > strictly positive number 

then ( ) , , , , ,, .f a b c dpt x SM∈ β
αφ  
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Where, M is constant depending on .p  
a a l lM B lCA a≤ α β  

,lla a B lC A a≤ ′ α β where C MC′ =  
Thus, ( ) , , , , ,, ,f a b c dpt x SM∈ β

αφ for 0.p >  
 
4.4 Proposition 
If ( ) , , , , ,, f a b c dt x SM∈ β

αφ and 0,p > then the scaling operator

, , , , , , , , , , ,: f a b c d f a b c dR SM SM→β β
α α defined by R =φ ψ where 

( ) ( ), ,t x pt x=ψ φ is a topological automorphism. 
 
4.5) Proposition: (Shifting Property for Finite Mellin 
Transform) 
If ( ) , , , , ,, f a b c dt x SM∈ β

αφ  and η  is any fixed real number then 

( ) , , , , ,, , 0f a b c dt x xSM+ ∈ + >β
αφ η η and 

( ) , , , , ,, , 0.f a b c dt x xS M+ ∈ + <ν β
αφ η η  

Proof: Consider, 
1
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I
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1
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q ql
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′′ ′ ′= − − φλ η η  

a a llCA a B l≤ α β  

Thus, ( ) , , , , ,, ,f a b c dt x SM+ ∈ β
αφ η for 0.x + >η  

Similarly, it can be shown that ( ) , , , , ,, ,f a b c dt x S M+ ∈ ν β
αφ η for 

0.x + <η  
 
4.6) Proposition 
The Translation (Shifting) operator ( ) ( ): , ,t x t x→ +ξ φ φ η  is 
a topological automorphism on , , , , , ,f a b c dSM β

α for 0,x + >η and 

it is a topological isomorphism from , , , , ,f a b c dSM β
α  onto 

, , , , ,f a b c dS Mν β
α for 0.x + <η  

 
4.7) Proposition: (Scaling Property for Finite Mellin 
Transform) 
If ( ) , , , , ,, f a b c dt x SM∈ β

αφ and 0,p > strictly positive number 

then ( ) , , , , ,, .f a b c dt px SM∈ β
αφ  

Proof: Consider, 
1

, , , , , , ,sup( , ) ( ) ( ) ( , )
I

q ql
t xa b c d q l a b c dt px K t x x D D t px+=φ λρ φ  
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Where N is constant depending on .p  
a a l lN B lCA a≤ α β  

,lla a B lC A a≤ ′ α β where C NC′ =  
Thus, ( ) , , , , ,, ,f a b c dt px SM∈ β

αφ for 0.p >  
 
4.8) Proposition 
If ( ) , , , , ,, f a b c dt x SM∈ β

αφ and 0,p > then the scaling operator

, , , , , , , , , , ,: f a b c d f a b c dR SM SM→β β
α α defined by R =φ ψ where 

( ) ( ), ,t x t px=ψ φ is a topological automorphism. 
 
4.9) Proposition 
If ( ) , , , , ,, f a b c dt x SM∈ β

αφ andξ andη are fixed real number then

( ) , , , , ,, ,f a b c dt x SM+ + ∈ β
αφ ξ η  

0t + >ξ  and 0x + >η also ( ) , , , , ,, ,f a b c dt x S M+ + ∈ ν β
αφ ξ η

0t + <ξ  and 0.x + <η  
Proof: Proof is simple, hence omitted.  
 
4.10) Proposition 
If ( ) , , , , ,, f a b c dt x SM∈ β

αφ and 0,p > strictly positive number 

then ( ) , , , , ,, .f a b c dpt qx SM∈ β
αφ  

Proof: Proof is simple, hence omitted.  

5. Results on Differential operator S − type 
5.1) Theorem: 
The operator ( ) ( ), ,tt x D t x→φ φ is defined on the space 

, , , , ,f a b c dSM β
α  and transforms this space into itself. 

Proof: Let ( ) , , , , ,, .f a b c dt x SM∈ β
αφ  

If ( ) ( ), , ,tD t x t x=φ ψ then we have  
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5.2) Theorem: 
The operator ( ) ( ), ,xt x D t x→φ φ is defined on the space 

, , , , ,f a b c dSM γ  and transforms this space into itself. 

Proof: Let ( ) , , , , ,, .f a b c dt x SM∈ γφ  
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Note that some operators can be defined for the space

, , , , , .f a b c dSM α  
 
5.3) Proposition 
The differential operator of S − type ( ) ( ): , ,tS t x D t x→φ φ  is 

a topological automorphism on , , , , , .f a b c dSM β
α  

 
5.4) Proposition 
The differential operator of fM − type 

( ) ( ): , ,f xM t x D t x→φ φ  is a topological automorphism on 

, , , , , .f a b c dSM γ  

6. Results on Differential Operator 
6.1) Theorem: 
For  ( )1 2,m m m= where 1 2, 0,1, 2,...,m m = if 

( ) , , , , ,, f a b c dt x SM∈ β
αφ  then ( ) , , , , ,, f a b c dt x SM∈ β

αψ where 

( ) ( ), , .mt x D t x=ψ φ  Further the mapping :mD= →∆ φ φ ψ is 
one ̶ one, linear and continuous. 
 Proof: For ( ) , , , , ,, f a b c dt x SM∈ β
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Which is contradiction. 
Hence ' 'c must be zero and therefore 0.=φ  
For continuity we observe from equation (6.1.1) that, 

, , , , , , , , , ,( , ) ( , )m
a b c d q l a b c d q lD t x M t x≤φ φρ ρ  

Where M is some constant. Thus, the theorem is proved. 
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In view of this proposition we have, the exponential multiplier 
operator. 

, , , , , , , , , ,: f a b c d f a b c dE SM SM− →β β
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isomorphism. 
 
6.3) Theorem 
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In the view of this proposition, we have the exponential 
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τ α α is a 
topological isomorphism. 

7. Boundedness Theorem 
 
Let ( ) *

, , , , ,, f a b c dt x SM αψ ∈ and 

( ){ } ( )
2

1
1( , ) , , , ,

Re , 0.

t pu
p

f p

e aF u p f t x f t x x
u x

a p b u

SM
−

−
+

 
= = − 

 

< < >

 

Let ( )supp , A Bf t x S S∈  such that 

{ }: , , 0n
AS t t t A A= ∈ ≤ > and 

{ }: , , 0 ,n
BS x x x B B= ∈ ≤ > then for each 0, 0ε δ> > there 

exist a constant 0C > and a non  ̶negative integer n such that 

( ) ( ) ( )
0

1 1, 1 max
Al

p pu

q n
F u p C e B B

u u

ε

δ δ
+

−

≤ ≤

 
 ≤ + + − +    

 
 

Proof: Suppose that ( )supp , A Bf t x S S∈  and let 0, 0.ε δ> >

Choose ( )nDρ ∈   such that ( ) 1tρ = on a neighbourhood of 

,AS and supp .AS ερ +⊂  
Since ( ) *

, , , , ,, f a b c df t x SM α∈ and the boundedness property of 
generalized functions, there exist a constant C and a non  ̶
negative integer n such that 

( )
2

1
1( , ) , ,

t pu
p

p

e aF u p f t x x
u x

−

−
+

 
= − 

 
 

 ( ) ( )
2

1
1, ,

t pu
p

p

e af t x t x
u x

ρ
−

−
+

 
= − 

 
 

 ( )
2

1
1 , , , , , 10

0

max
t pu

p
a b c d q l pl n

q n

e aC t x
u x

γ ρ
−

−
+≤ ≤

≤ ≤

     ≤ −      
 

 ( )
1

1
2

0 , ,
1

1 1

0

( ) ( )max sup q l q
a b c d t x

t pu
p

pl n I
q n

K t x x e aC t xD D
u x

ρλ
−

−
+≤ ≤

≤ ≤

+  
≤ − 

 
 

( )
1

,

2
1

1 10
0

1
,( )u ( )max s p l v v

b

t pu
pq q

a t t c d x pl n I
q

v
n

e aC t x
l

K t D D
v u x

x x Dρ λ− +

−

−
+≤ ≤

≤ ≤

 
≤ − 



 
 
  

∑  

( )

{ }
1

2

1 0

1

1
, ,

1

0

( ) (1 1max sup

( ) ( )

)l v q
a b t c d

v

p p q

v
t
u

l n I
q n

p q

l
K t D xC t e

u u

p

x
v

a P P xxp q q

ρ λ
≤

− +−

≤ ≤
≤

− −− − −

− ≤  
 

− −



− −


 
 

∑
 

Where ( )P p q− − is polynomial in ( )p q− − etc. 

0

1

2

0

,

1 max

( ) (

1

)( )

v

v

p

c

A
u

l n
q n

p
d

C
l
v

x

e

P p q p

u

q xax P

ε

λ

+

≤ ≤
≤

+

≤

 
≤



 
 
 

 
 


 
 

  − − − − 
  

∑
 

 

  

{ }2
,

1

0

1 11

max ( ) ( )( )

Al
u

p p

q n

p
c d

C e
u u

a P p q P px x x q

ε

λ

+

−

≤ ≤

 
≤ +  

 

− − − −

 



Rangari et al.  International Journal of Research in Engineering, Science and Management, VOL. 9, NO. 9, SEPTEMBER 2026 88 

2
,

,

1 0

1 0

1 11 max ( )

1 11 max ( )

( )

( )

Al
u pp

n c

u

d

q c

q

Al
p

n d

C e a P p q x
u u

x

xC e x P p q
u u

ε

ε

λ

λ

+
−

≤ ≤

+

≤ ≤

 
≤ + − −  

 
 

− + −  
 
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1 0

1 0

1 11 'max

1 11 "max ,
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C e C B
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C e C B
u u

ε

ε

δ

δ

+
−

≤ ≤

+

≤ ≤

 
≤ + +  

 
 

− + +  
 

 

Where 2
,' ( )( ) pp

c dC x a P p q xλ −= − −  and 

, )( )" (p
c dC x x P p qλ= −  

( )

( )

0

0

1 11 max

1 11 max ,

Al
pu

q n

Al
pu

q n

C e B
u u

C e B
u u

ε

ε

δ

δ

+
−

≤ ≤

+

≤ ≤

 
≤ + +  

 
 

− + +  
 

 

Where, 1'C C C= and 1" .C C C=  

( ) ( ) ( )
0

1 1, 1 max
Al

p pu

q n
F u p C e B B

u u

ε

δ δ
+

−

≤ ≤

 
 ≤ + + − +    

 
 

8. Conclusion 
In this paper, the Sumudu–Finite Mellin Transform (SFMT) 

has been introduced and studied in the distributional sense. 
Suitable testing function spaces were defined, and important 
operational properties such as shifting and scaling were 
established. These results extend the theory of hybrid integral 
transforms and indicate that SFMT can be a useful tool for 
solving differential and integral equations over finite domains. 
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