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Abstract: The study of sequence spaces has been a great interest
recently. A number of books have been published in this area over
the last few years. In addition, the sequence space has also been
widely applied to various fields. The Cesaro Sequence Space of an
Absolute type also one of the sequence space that being studied
recently. It was introduced by a mathematician named J.S. Shue
back in 1970. In this particular article, we give the proof of Cesaro
Sequence Space of an Absolute type, with norm defined by ||x|| =

1

"
(Z,‘;‘;1 (% Zﬁzllxkl) )" for any real number p that satisfy 1 < p <
oo and ||x| |moo = sup {% n o lxkl,me N} being a Banach space..

We also conduct the proof of Cesaro Sequence Space of an
Absolute type is a BK-space, FK-space, having the AK-property
and also a solid sequence space.

Keywords: Cesaro Sequence Space of an Absolute Type, Cesaro
Sequence Space, Absolute type of sequence space, Solid Sequence
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1. Introduction

Sequence space is a set or collection whose members are
sequences where the sequence itself is a function that maps the
set of all natural numbers N to a set S [1]. One of the sequence
spaces that has been widely studied is Cesaro Sequence Space
of an Absolute type, which is symbolized by ces,. Cesaro
Sequence Space of an Absolute type is the set of all sequences

. p
of real numbers (x,,) where the series ZneN( =1 %) <@

ofr a real numbers p with 1 < p < co. And for p = oo, Cesaro
Sequence Space of an Absolute type is defined as the collection

[xnl

of all sequences of real numbers such that the value of 3.7, -

is finite for all natural numbers n.

At first, Dutch Mathematical Society publicly announces a
problem regarding the duals of Cesaro Sequence Space in 1968.
Two years later, a mathematician named Shiue [2] successfully
solves the problem through an article in 1970. Leibowits [3] and
Jager [4] then also investigate some properties of Cesaro
Sequence Space. In 1978, Ng and Lee [5] introduces the non-
absolute type of Cesaro Sequence Space that denoted by X,.
Sequence Space X, denotes the set off all real number

sequences that satisfy Y ,cy |27 %"

greater than 1 whilst for p = oo they defined X,, as a collection

p
< oo for a real number p
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Xn

of sequences which the value of |Z?:1:

natural number n. After that, Lee [6] studied about the a-dual
of ces, and -dual of X,,.

Other research regarding the structure of Cesaro Sequence
Space have also been studied by another researchers. Such as
geometry properties of ces, by Saejung [7], topological and
algebraic properties of Cesaro Sequence Space that defined by
modulus function [8], and the structure of Cesaro Function
Space that related with Cesaro Sequence Space, Copson
Function Space, and Copson Sequence Space [9].

In addition, the implementation of sequence space in various
fields have also been studied lately. For example, Talo & Basar
[10] studied the sequences space using fuzzy numbers.
Malkowsky et al. [11] studied the implementation of Cesaro
Sequence Space in Crystallography and another space that
related to Cesaro Sequence Space. Some application of
sequence space in clustering have been studied as well [12].
Recently, Khan et al. [13] made intuitionistic fuzzy distance
measure based on Cesaro Paranormed Sequence Space.

Because of the benefit of the sequence spaces, we need to do
more observation regarding the properties of sequences space
especially Cesaro Sequence Space of an Absolute type. In this
particular article, the proof of Cesaro Sequence Space of an
Absolute type being a solid or normal sequence space as well
as being a BK-space satisfying AK-property are being
discussed.

is finite for any

2. Literature Survey

In this paper, the notation (X, ||«||) will be used to denote a
space X that equipped with norm function ||- | | If there is some
ambiguity, we will denote the norm of a space X by ||x||X for

every x in X. In order to be called a norm space, the norm
function in X should be non-negative, close under scalar
multiplication, satisfy the triangle inequality, and equal to zero
if and only if x is the zero element of X. Before going to the
main result, we will introduce some definition of Cesaro
Sequence Space of an Absolute type, Banach space, solid
sequence space, BK-space and AK-property.

A. Cesaro Sequence Space of an Absolute Type
The definition of Cesaro Sequence Space of an Absolute type
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will be stated in Definition 2.1.

Definition 2.1 [6] Cesaro Sequence Space of an Absolute type,
denoted by ces,,, is a set of sequence of real numbers (x,,) that

satisfy
ces, ={(xn): Z( lek|> < oo}

n=1

where p is a real numbers greater than or equal to 1. While for
p = oo the definition of Cesaro Sequence Space of an Absolute

type is
1 n
ces,, = {(xn): Hlekl <ow,x, ERVRNEN ]
=

Both ces, and ces,, are said to be sequence space of an
absolute type because for every sequence of real number (x,,) €
ces, (or ces,), implies the sequence (x,) also in ces, (or
ces,). To have a better understanding in Cesaro Sequence
Space of an Absolute type, here are some example of the
element.

Example 2.2 The sequence X = (——n%l) is an element of
ces,, and ces,, for every real numbers p such that 1 < p < oo,

Proof:
Notice that
Z |E T k+1

n
> el =
— X
n k

k=1

I[1 1+1 . 1 1
“n 2 2 3 n n+1
1P 1]
n n+1
:EL+1
1
Tn+1

We can see that for every real numbers p greater than 1, we
have

fee)

> (B3] =3 () <o

n=1

. 1 .
and for every n being a natural number, the value of — s

finite. Hence X € ces,, and X € ces, for areal number p where
1<p<oo.

Example 2.3 The sequence X = (m, 0,0,0, ...) is an element of
ces, for every real number p € (1, %) and also an element of
ces,, form € R.
Proof:

Suppose m is any real number. Then ¥n € N, we have

Z|| " m
Xy n

S (S -5 >”=mpg<§>"<m

Therefore, X is an element of Cesaro Sequence Space of an
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Absolute type for any real numbers p that satisfy 1 <p < o
and also for p = o

Example 2.4 The sequence (0,0,0,...) € ces, for any real
number p satisfy 1 < p < co and for p = oo.
Proof:

We can see that

S(15) =S (1500) - Sor o

n=1
And also for every n being a natural number, the value of

%Z’,ﬁﬂlxkl is equal to 0. In consequence, (0,0,0,...) is an
element of ces,, whenever p € [1, ) and (0,0,0, ...) € ces,.

Example 2.5 The constant sequence (x,,) = (m,m,m,...) ofa
real numbers m where m # 0 is in ces,, but not an element of
ces, Where p is any real numbers greater than or equal to 1.
Proof:

Notice that vn € N, the value of % reqlm| = %[mn] =
m < co. Hence (x,)=(m,m,m,..) for a non-zero real
number m is an element of ces,. On the other hand, we have

5 (t5e)

Therefore, (x,) is not in ces, for any real number p
whenever 1 < p < oo,

B. Some Definition of Properties in Sequence Space

Banach space iff (X, ||+||) is complete, that is every Cauchy
Sequence on X is convergent.

Definition 2.7 [15] Given any sequence space X. X is said to be
a solid (normal) sequence space iff for every (x,,) € X implies
(anx,) also an element of X whenever (a,,) be a sequence of
scalar with |a,| < 1,vn € N.

Definition 2.8 [16],[17] A sequence space X is said to be a BK-
space (Banach Coordinate Space) iff X satisfy these following
condition
a. X isaBanach Space.
b. Function p,: X — C is continuous for every natural
number n where p,(x) = x, and x = (x,,) € X.

Lemma 2.9 [18] Every BK-space is an FK-space.

Definition 2.10 [18] Given any FK-Space X. If every sequence
x € X have a unique representation x = ZkEkae,gk) where
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e® is a sequence which e is equal to 1 if n = k and equal
to 0 whenever n # k. In other word, lim ¥_, x,e® = x or
n—oo

X is having the Schauder Basis.

3. Main Result

Theorem 3.1 Cesaro Sequence Space of an Absolut type ces,,
for every real number p satisfying 1 < p < oo equipped with
norm function

i, = (i (12'0)

is a Banach space.
Proof:
a. Suppose X = (x,) € ces,. Since |x,| = 0 for every k €
N, then we have

S

o
N
e hgt
7 N

S|
£M=
\s_’/
\\__’/

<

b. (=)Ifx=1(0,0,,0,..) then

i, = (i (% 'i) ) (i GZ(’) )
o (Z ov)p =0

n=1
(<) Conversely, assume that x # 0 and ||x||ces

[N

= 0, then
14

there exist k; € N such that x;, is the first non-zero term in
x. Therefore

||x||cesp=Z<%Z|xk|>p= Z( z|xk|> >0

n=kq

which contradict the fact that ||x|| ,_ = 0.Hence|lx|| _ =
p

Oifandonlyifx =0

c. Given any real number «, then
1

Jlaxl,,, = (i (%i'“x"'f)ﬁ

n=1 k=1

(5 g

n=1 k=1
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= lal|IX]|

ces

d. According to triangle inequality, we have |x; + yi| <
|| + |yi| for any real numbers x; and y,. Hence for

X,Y € ces, we have
1

X +vll,,, = <z<%ilxk+ykl>p>p
(Z( Z<|xk|+|yk|)> )

And by using Minkowski inequality in sum, we get
1

(623 )

=

[y
[N

(22 (63 )

| ||C€S || ||C€S

e. From a, b, ¢, and d we have that ces, is a norm space.
Given X = (x,) be a Cauchy sequence on ces, where

= (x{). Then for every positive real number ¢, there
exist N € N such that any natural numbers mand q
greater than or equal to N, we have
P\p
-~ xg‘)|> ) <e

) 1 n
o= (2
4 n—l k=1 P
@Z( Zi -] <o
n=1

That means for every n e N we get

n
<1Z|x(k) k)|> <P o - Z|x(k) xlgk)| <e
n
k

Consequently, the sequence (x™) = (x(") XM x{, ) s
a Cauchy sequence for any natural number n. Remember that
(x™) is a Cauchy sequence on R. Since R is a Banach space,
therefore (x,,) is convergent ¥n € N. Suppose that x(") - YV

as g —» oo. Then we can construct y = (y4, Y2, V3, --- ) As of
q — oo, we have

oo 14
> (B3] <o

n
[ee]

14
D (;lefP —ykl> <er
k=1

||xm_xq|

n=1
oo 1 n 14 %
(&e2e ) <
= k=1
|1 — ¥l

ces
We can conclude that x,, is convergent to the sequence y.
Furthermore, we have x,, —y € ces, and also x,, € ces,
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therefore y = x,, — (x;, —y) € ces,.  Since (x,) is an
arbitrary Cauchy sequence in ces,. Hence every Cauchy
sequence is convergent in ces,, and ces,, is a Banach space.

Theorem 3.2 Cesaro Sequence Space of an Absolut type ces,,
equipped with norm function

1 n
||X||ces°o = ilég Ezlxkl

k=1
is a Banach space.
Proof:
a. Suppose X = (x,) € cesy. Since |x;,| = 0 forevery k €
N, then we have

n n
1 1
OS—Z < —Z ,NEN; <
- || Sup{n x|, }

m]
b. ()IfX=(0,0,0,...)then

n

1
||X||Ce5w = SUD{Eklel'n € N} =sup{0O,vn eN} =0
=1

(&) Conversely, assume that x # 0 and ||x||ces = 0, then
there exist k,; € N such that x;, is the first non-zero term in

x. Therefore
1"| .
- X
n Z kl >
k=1

For every n > k;. And so we have
n

1
sup{r—lZkal,n € N} >0

k=1
which contradict the fact that ||x||ces =0. Hence

|lxl| ,, = 0ifandonlyifx = 0.
c. Given any real number «, then

n
1
||ch||CeS°o = sup {EZIaxkl,n € N}
k=1

n
1
= SUD{EZWHXH,H € N}

k=1
n

= su Mz:lx |,n €N

p n kl»
k=1
n

1

= |a| sup —lekl,n EN
Ut

= lal|Ix1],,,_

d. According to triangle inequality, we have |x;, + yi| <
|| + |yi| for any real numbers x; and y,. Hence for
X,Y € ces, we have

n
1
X4y, = sup{;Zm +yilme N]

k=1

v v
< SUP{Hzlxkl +;Z|yk|,n € N}
k=1 k=1
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n n
1 1
= sup{;lekl,n € N]+sup{;2|yk|,n € N}
k=1 k=1

=[xl +|Ivl],

ceSe ceSe

e. Froma, b, ¢, and d we have that ces,, is a norm space.
Given X = (x,,) be a Cauchy sequence on ces,, where

Xy = (xr(lk)). Then for every positive real number ¢, there

exist N € N such that any natural numbers mand q
greater than or equal to N, we have

n
1
||xm - xq||ces = sup{£2|x,(,’f) - xék)|,n € N} <e
°° k=1

That means for every n € N, we get
n

1
D -l <

n
k=1
Consequently, the sequence (x™) = (x{™,x{™, x{™, ...) is

a Cauchy sequence for any natural number n. Remember that
(x™) is a Cauchy sequence on R. Since R is a Banach space,
therefore (x,,) is convergent Vn € N. Suppose that xé") - YV

as g = co. Then we can construct y = (y;,¥2, V3, --.). As of
q — oo, we have

n
1
sup[gznx,gf) —xék)|,n € N] <eg
k=1

n
1
sup{52|x$) —yk|,n S N} <g
k=1
||xm_y|| <e

ceSeo

We can conclude that x,, is convergent to the sequence y.

Furthermore, we have x,, —y € ces,, and also x,, € ces,,

therefore y = x,, — (x,, — V) € ces,. Since (x,) is an

arbitrary Cauchy sequence in ces,. Hence every Cauchy
sequence is convergent in ces,, and ces,, is a Banach space.

Theorem 3.3 Cesaro Sequence Space of an Absolute type (ces,,)
is a solid (normal) sequence space for every real number p
satisfying 1 < p < oo.
Proof:

Given any sequence x € ces, where p is any real number that
satisfy 1 < p < oo. Suppose (a,,) is an arbitrary real sequence
where |a,,| < 1. For every n € N we can get

n n n
1St =2 el <23
— arXe| =— arl|x — X
n k'K n |k|k n k
k=1 k=1 k=1

Therefore
1 1
) 1 n P\p oo 1 n P\p
Z EZlanxkl < Z Elekl < oo
n=1 k=1 n=1 k=1

Consequently (a,x,) € ces, and ces, is a solid sequence
space for any real number p € [1, ).

Theorem 3.4 Cesaro Sequence Space of an Absolute type
(cesy) is a solid (normal) sequence space.
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Proof:
Given any sequence x € ces,. Suppose (a,) is an arbitrary
real sequence where |a,| < 1. For every n € N we can get
n n

n
DYEE) WINREE) yot
— apXg| = — a| x| <— X
n Ktk n |k|k n k
k=1 k=1 k=1

Therefore

1% 1v
sup —Z|akxk| < sup —lekl < o
neN (1 neN (1
k=1 k=1
Hence (a,x,) € ces, and ces,, is a solid sequence space.

Theorem 3.5 Cesaro Sequence Space of an Absolute type (ces,)

is a BK-space for every real number p satisfying 1 < p < oo.
Proof:
Given an arbitrary natural number N and x € ces,. Then for

every real number ¢ > 0, there exist positive real number § = %
such that for every y € ces, where ||y — x|| ,_ <&, we have
14

e n 14
1
||y_x||cesp = (Z (EZb’k _xk|> )
n=t oo kif n 14
(:)Z<r_12|yk_xk|> < 6P
n k=1

=1
That means for n = N we get

1w b
(szc—xﬂ) < 6P
=1
N
1
NZlyk_xk|<5
=1
N

v = 2wl < ) Iy = %l < N8
k=1

o) —py ()| < N (%) — .

Hence the function py:ces, » C where py(x) =xy is
continuous for every N € N. Since ces, is a Banach space

(Theorem 3.1), then ces,, is a BK-space. The proof is complete.

D=

<é

Theorem 3.6 Cesaro Sequence Space of an Absolute type
(cesw) is a BK-space.
Proof:

Given an arbitrary natural number N and x € ces,,. Then for

every real number £ > 0, there exist positive real number § = %
such that for every y € ces., where ||y —x|| <&, wehave
[ce]

n
1
- X = supi{— — x| <8
lly =l neg{n;m k|}

That means for n = N we get
- i <8
N Ve — Xk
k=1
N

lyi — x| <N&
k=1

V) — oy @I <N (2) = ¢

N N N

lyny — 2yl <
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Hence the function py:ces,, » C where py(x) = xy is
continuous for every N € N. Since ces,, is a Banach space
(Theorem 3.2), then ces,, is a BK-space. The proof is complete.

Corollary 3.7 ces, is an FK-space whenever p is a real number
satisfying 1 < p < .
Proof:

The proof is directly from Theorem 3.5 and Lemma 2.9.

Corollary 3.8 ces,, is an FK-space.
Proof:
The proof is directly from Theorem 3.6 and Lemma 2.9.

Theorem 3.9 Cesaro Sequence Space of an Absolute type (ces,)
have the AK-property for every real number p satisfying 1 <
p < .
Proof:

From Corollary 3.7 we know that ces,, is an FK-space. Given
an arbitrary x = (x,,) € ces,. Then we have

) n p
1

= Z (EZ"%')

n=r+1 k=1

r

P
Z xe® —x

k=1

cesp

r 1 n p
P
=[xl —Z(iw)
n=1 k=1
Therefore we can construct a sequence (a,) = (b -
14
T (% };zllxkl) ) with b = ||x||pces . We can see that
14

Vr € Nwe have 0 < a, < b. Also

r 1 n p r+1 1 n 14
arzb_z<52|xk|> >b—z<52|xk|> =0ryq
n=1 k=1 n=1 k=1

Therefore (a,) is bounded and decreasing. Hence it is
convergent to its infimum which is 0. Consequently, as r —» o«
we have

r P

Z xe® — x’

k=1

,
=0 @Zxke(k) =x
k=1

cesp

Hence ces,, have the AK-property.

Theorem 3.10 Cesaro Sequence Space of an Absolute type
(cesw) have the AK-property.
Proof:

From Corollary 3.8 we know that ces,, is an FK-space. Given
an arbitrary x = (x,,) € ces,. Then we have

T 1 n
Zxke(k) —x = sup!— Z kal}
neN (N
k=r+1

k=1
CceSeo
n T
{1Z| Y |}
=:Sllp - xk _'_':§: xk
n n
neN M= k=1
. 1 1
Where for r > n we define - reqlx] - r=1lx] = 0.
Therefore, we can construct a sequence (a,) =
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(fllélIN) {%ZZ:llxkl —% Z=1|xk|})- We can see that Vr € N we

have
n Tr n
o<1Z| | 1Z| |<1Z| |
n xk n xk n xk
n
o0<su le——lel < ix|
e 1 L L, 1],
©0< | 1]....
And also

;= sup lek|——2|xk|
neN
r+1
> sup lekl __lekl = Qriq
neN

Therefore (a,) is bounded and decreasmg. Hence it is
convergent to its infimum which is 0. Consequently, as r — o

we have
r p

.
Z xe®™ —x =0 Zxke(") =x
k=1

k=1
ceSco

Hence ces,, have the AK-property.

4, Conclusion

In this article, we can conclude that Cesaro Sequence Space
of an Absolute type is a Banach space when equipped with norm
1

| I|Cesp = (Z?f:l (%2‘.7<‘=1lxkl)p)E for any real numbers p

e . _ 1o
satisfying 1 < p < o and ||X||Ces°o = sup {n k:llxkl} when

p = oo. Furthermore, both ces, and ces, are also a solid
sequence space, a BK-space, an FK-space, and having AK-
property.
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