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Abstract: We introduce the terms Fuzzy Simple POTΓSG, 

Fuzzy left (right & lateral) identity. And proved Fuzzy left (right& 

lateral) identity of a POTΓSG if exists they are same. Fuzzy left 

(right & lateral) zero of a POTΓSG Also shows that the 

intersection of infinite family of fuzzy POTΓSSGs of a POTΓSG T 

is fuzzy POTΓSG of T. Also h is a fuzzy ideal of a POTΓSG T iff 

hΓTΓT h, TΓTΓh h, TΓhΓT h and (h] h. Finally, we 

showed the intersection, union of arbitrary family of fuzzy deals of  

T is an ideal of T.  
 

Keywords: Fuzzy simple POTΓSG, Fuzzy identity of a 

POTΓSG, Fuzzy zero of a POTΓSG, Fuzzy ideal. 

1. Introduction 

A. H. Clifford and Preston G.B [2], [3], Petrich. M [5] and 

Ljapin E. S [4] were deeply studied Algebraic theory of semi 

groups. A.Anjaneyulu [1] had buildout an ideal theory in semi 

groups. The “fuzzy theory” of semi groups are established by 

Kuroki and Xie. Sarala.Y [13] defined theory of ideals in 

ternary semigroup. Pradeep J.M, Gangadhararao. A, 

Ramyalatha. P, Achala [16] defined Fuzzy identity and Fuzzy 

zero of a PO ternary semi group, PO ideal, PO ideal generated 

by a subset. 

We introduce some classical concepts of Fuzzy simple 

POTΓSG, Fuzzy identity and Fuzzy zero of a POTΓSG, 

operations on fuzzy POTΓSG in this paper. We denote Po 

ternary Γ semi group as POTΓSG, Po ternary Γ sub semi group 

as POTΓSSG, Fuzzy Subset as FS, Fuzzy ideal as FI, ordered 

fuzzy point as OFP, fuzzy left ideal as FLI, fuzzy right ideal as 

FRI throughout in this paper. 

2. Prerequisites 

Definition 2.1: “A semi group T  has an ordered relation “ ” 

is known as PO ternary semi group (POTΓSG) if T  is a 

POSET such that q r  1 2 1 2 ,q q q r q q   

1 2 1 2 ,q q q q r q    1 2 1 2q q q q q r    

1 2 ., , , T”q r q q   

 

 

 

Definition 2.2: “Let C  T. The characteristic mapping  

C : T [0,1]h →   
 

is defined as C

C1 if
( ) .

0 Cif

t
h t

t


= 


    

Then   C ,h  is a fuzzy subset (FS) of T”. 

Definition 2.3: “A mapping : T [0,1]h →   is   said to be  a 

FS of   T . The POTΓSG itself a FS of T  T( ) 1 Tt t=  

and it denotes T or 1”. 

Definition 2.4: Let K T, a POTΓSG. Now let us define

(K] T /r=  r h for some K ,h when 

 K c=
 
we write   ( ] ( ] T / .c c r r c= =    

Definition 2.5: Let K T, a POTΓSG. Now let us define

[K) T /r=  h r for some K ,h when 

 K c=
 
we write   ( ] ( ] T / .c c r r c= =    

Definition 2.6: Let h be a FS of a POTΓSG T. Let us define (h] 

as (h](r)= 
r s
 h(s),  rT 

Note 2.7: “The collection of every FSs of T is denoted as H(T 

)”. 

Definition 2.8: Let  , ,u v w
  
be   FS of a POTΓSG T. For each  

Tt the product  u v w   is defined as 

( ) ( ) ( ) if exists
( )( )

0 otherwise.

t q r s
u q v r w s t q r s

u v w t  
 


   

  = 


 

Definition 2.10: “Let h  be FS of  T ,  a POTΓSG  is known as 

fuzzy POTΓSSG of    T  if   ( )i q r then ( ) ( )h q h r
           

( )ii

.( ) ( ) ( ) ( ), , , T ”, ,h q r s h q h r h s q r s          

Definition 2.11: “a FS h  of a POTΓSG T is known as fuzzy 

PO left ideal of T  if                  

( )i q r then ( ) ( )h q h r
  

( )ii ( ) ( ), , , T, ., ”h q r s h s q r s        
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Lemma 2.12: “Let T be a POTΓSG and h  be FS of T.  h is a 

fuzzy PO left ideal of T  h  satisfies the conditions that 

( )i q r then ( ) ( ),h q h r , T,q r 
   

( )ii .T ”h h h    

Definition 2.13: “a FS  h  of a POTΓSG T is known as fuzzy 

PO right ideal of T  if      

( )i q r then ( ) ( )h q h r
              

( )ii ( ) ( ), , , T, ., ”h q r s h q q r s        

Lemma 2.14: Let h  be a FS of a POTΓSG T. h is a fuzzy PO 

right ideal of T  iff  h  satisfies the conditions that  

( )i q r then ( ) ( ),h q h r , T,q r  ( )ii T .h h h  
 

Definition 2.15: “a FS h  of a POTΓSG T is known as fuzzy 

PO lateral ideal of T  if      

( )i q r then ( ) ( )h q h r
              

( )ii ( ) ( ), , , T, ., ”h q r s h r q r s        

Lemma 2.16: Let h  be a FS of   a   POTΓSG T. h is a fuzzy 

PO   lateral   ideal  of  T iff    h satisfies  the   conditions   that 

( )i q r then ( ) ( ),h q h r , T,q r  ( )ii T .h h h  
 

Definition 2.17: “Let T be a POTΓSG and h  be a   FS of  T is 

said to be a ‘fuzzy ideal(FI)’ of T  if        

( )i q r
    

then    ( ) ( )h q h r  

( ) ( ) ( ), ( ) ( ), ( ) ( ).ii h q r s h s h q r s h q h q r s h r       
                                                                               

 

Lemma 2.18: “Let T be a POTΓSG and  h  be a FS of T. Then, 

h is FI of T  iff  h  satisfies the conditions that  

( )i q r then ( ) ( ),h q h r , T,q r   

( )ii .T T ”, , Th h h h h h h h h          

Lemma 2.19: Let   CT, a POTΓSG. Then C is a left 

ideal of T iff the characteristic function C ,h  of   C is a FLI of 

T. 

Lemma 2.20: Let T be a POTΓSG and    CT. Then C is 

a right ideal of T iff the characteristic function C ,h  of C is a 

FRI of T. 

Lemma 2.21: Let T be a POTΓSG and    CT.  Then C 

is an ideal of T iff the characteristic function C ,h  of C is a FI 

of T. 

Proposition 2.22: Let , ,h g s be three FSs of T. Then the 

subsequent conditions are true. 

1. ( ], ( )h h h H T    

2. If  ,h g then ( ] ( ]h g  

3. ( ] ( ] ( ), , ( )h g h g h g H T      

4. For any FI h  of T, ( ] ( ]h g  

5. If  ,h g  are FI of T, then
 

,h g h g   are FIs of T 

6. ( ] ( ]h g f h g h f       

7. ( ] ( ]g h f g f h f       

8. If  z  is an OFP of T,
 
then ( ].z z =  

Definition 2.23: Let T be a POTΓSG, z T  and (0,1]  . 

An OFP ,z : [0,1]z T →
 
defined by  

if ( ]
( )

0 if ( ]

r z
z r

r z


 
= 


 

Clearly z  is a FS of T. For each FS h of   T and denote z

 h as z   h 

Definition 2.24: Let h be a FS of T and  [0,1].t  If  

{ / / ( ) }th r r T h r t=    then th  is termed as t-cut or a 

level set. 

3. Fuzzy Simple POTΓSG 

Definition 3.1: “A POTΓSG T is known as left Simple Ternary

 semi group (LSTΓSG) if T is itself only left ideal”.  

Definition 3.2: “A POTΓSG T is known as fuzzy left Simple T

 semi group (FLSTΓSG) if each fuzzy left ideal (FLI) in T is 

a constant function”. 

Definition 3.3: Let h be a FS of a POTΓSG T. We define 

(T T ]( )ah r    as (T T ]

1 for (T T ]
( )

0 otherwise
a

r a
h r 

  
= 


 

Theorem 3.4: “Let T be a POTΓSG.  Then  (T T ]ah    is FLI of 

T, for each ”.Ta  

Proof: (1) for  , , Tq r s and   

If (T T ],r a   then  

(T T ] (T T ] (T T ]( ) ( ) ( ) 1a a ah q h r h s     = = =  since 

(T T ].q r q a      

If (T T ],r a   then 

(T T ] (T T ]( ) 0 ( ) 1.a ah r h s   =  =  

By summarizing the above (T T ] (T T ]( ) ( ).a ah q h r     

 (2) If (T T ],r a   then 

(T T ] (T T ]( ) 0 ( ).a ah r h q r s    =   

If  (T T ],r a    then (T T ]( ) 1ah r  =  

(T T ]r a    and (T T ]a  is a PO right ideal of T, then 

(T T ] T, ,q r s a q          

(T T ] (T T ]( ) 1 ( )a ah q r s h s     = =

 
(T T ] (T T ]( ) ( )a ah q r s h s      

From (1) and (2), (T T ]ah    is FLI. 

Theorem 3.5: Let T be a POTΓSG, the subsequent statements 

are equal. 

 1) T is a LSPOTΓSG    2) T is a FLSTΓSG.  

Proof: First we prove (i)  (ii): 

Assume that T is a LSPOTΓSG.  

Suppose h  is any FLI of T, Then  , , Tq r s and 
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,  
 

m q l l =
  

and  l r m m =  

By definition of T,  

we have ( ) ( )h l h r m m = ( ) ( ) ( )h m h q l l h l  =   

( ) ( )h l h m =  

h  is constant FI.  

Hence, T is  fuzzy left simple POTΓSG.  

(ii)  (i): Suppose that T is a FLSTΓSG. 

If C is any PO   left ideal, then Cc  is a FLI of T.  

CC is constant function.  

Let Tr and ,C ( ) 1CC r =  implies that r C

T .C   

T .C =  Hence T is LSPOTΓSG. 

Theorem 3.6: Let T be a POTΓSG. Then T is a FLSPOTΓSG  

iff  (T T ] TT T.ah h a  = =    

Proof: Suppose that T is a FLSPOTΓSG.  

By above theorem, T is a LSPOTΓSG. Then, we have 

(T T ] T.a  =
 

Therefore (T T ] TT T.ah h a  = =    

Conversely, suppose that (T T ] TT .ah h  = =
 

(T T ] T( ) ( )ah t h t  =  

(T T ] T.a   = Then T is a LSPOTΓSG. Then by above 

theorem, T is a FLSPOTΓSG. 

Definition 3.7: “A POTΓSG T is known as right Simple 

Ternary semi group (RSTΓSG) if T is itself only PO right 

ideal”.  

Definition 3.8: “A POTΓSG T is known as fuzzy right Simple 

Ternary  semi group (FRSTΓSG) if each FRI of   T is 

constant function”. 

Definition 3.9: Let h  be a FS of a POTΓSG T. We define   

( T T]

1 for ( T T]
( )

0 otherwise
a

r a
h r 

  
= 


 

Definition 3.10: “Let T be a POT SG T is known as fuzzy 

Simple ternary  semi group (FSTΓSG) if every FI of T is a 

constant function”.  

Theorem 3.11: “Let T be a POTΓSG. Then ( T T]ah    is a FRI 

of T for all ”.Ta  

Proof: (a) Let , , Tp q r  and ,  
 

Also  , .p q q r 
 

If ( T T],q a   then 

( T T] ( T T] ( T T]( ) ( ) ( ) 1a a ah p h q h r     = = =  since p q

 implies ( T T]p a    

If ( T T]q a   then 
( T T] ( T T]( ) 0 ( )a ah q h p   = 

 

By summarizing the above 
( T T] ( T T]( ) ( ).a ah p h q     

(b) If ( T T],p a   then  

( T T] ( T T]( ) 0 ( )a ah p h p q    =   

If ( T T],p a   then  
( T T] 1.af   =  

Since ( T T]p a   and ( T T]a  is PO right ideal, then 

( T T]p a p q     for all Tq and ,    

( T T] ( T T]( ) 1 ( )a ah p q r h p     = =

 
Therefore ( T T] ( T T]( ) ( )a ah p q r h p     .  

( T T]ah    is a FRI of T . 

Theorem 3.12: Let T be a POTΓSG T, then the subsequent 

conditions are equal.  

(1) T is a RSPOTΓSG 2) T is a FRSPOTΓSG 

Proof: (1)  (2):  

Suppose T is a RSPOTΓSG. 

Consider  h  is any FRI, Then , , Tl m n  and 

, , ,     such that p p l q  = and .q q m p  =  

Since h is a FRI, Then  

( ) ( )h p h q q m = ( ) ( ) ( )h q h p p m f p  = 

( ) ( ) , Th p h q p q =    

h  is a constant FI.  

Hence T is a FRSPOTΓSG. 

(2)  (1): Suppose that T is a FRSPOTΓSG. 

Let A be any PO ‘right ideal’ of T. Then  AC  is a FRI.  

AC is  a constant function.  

Let T,t since AA ,C ( ) 1t =  implies that At

T A.   

T A.=  

 T is a RSPOT SG.  

Theorem 3.13: “Let T be a POTΓSG. T is a FRSPOTΓSG

( T T] T .T T”ah h a  = =    

Proof: Suppose that T is a FRSPOTΓSG. By above Theorem, 

T is a RSPOTΓSG. Then, we have ( T T] T.a  =
 

Therefore
( T T] TT T.ah h a  = =    

Conversely assume that ( T T] TTah h  = =
 

( T T] T( ) ( )ah t h t  =
 

( T T] T.a   = Then, T is a RSPOTΓSG. Then by above 

Theorem, T is a FRSPOTΓSG. 

Definition 3.14: “Let , ,u v w be three FSs of T, ( ]u v w  is 

defined by  ( ]( ) ( )( ),
t r s w

u v w t u v w p q r
 

 


  =   

.T, , ”t       

Definition 3.15: “Let T be a POTΓSG and h be FI of T. Then 

h  is known as globally idempotent if .( ] ] ”( ,nh h n=   

Definition 3.15: Let T be a POTΓSG. T is known as fuzzy 

globally idempotent if (T ] (T], .n n=   
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Theorem 3.16: “If T is a POTΓSG with unity “ e ” and  h  is 

a FI of “T” with ( ) 1,h e = then T ”.Th h= =  

Proof: Let TT .r  

Consider ( ) ( ) ( ) 1.h r h r e e h e =  = T T.h h = =  

Definition 3.17: a non-zero FI h of POTΓSG T is known as 

proper FI if TC T.h  =  

Theorem 3.18: “Let  ih  be any FIs of a POTΓSG T. Then 

the infinite union of FIs is FI of   T”.  

Proof: let  ih  is a FIs of a POTΓSG T.  

Let , , Tq r s   such that , .q r r s   

Consider  1 2 3( ) max ( ), ( ), ( ),...ih q h q h q h q =

1 2 3( ) ( ) ( ) ...h q h q h q=     

1 2 3( ) ( ) ( ) ...h r h r h r     since each ih  is a FI.   

 1 2 3max ( ), ( ), ( ),... ( )ih r h r h r h r= =  

( ) ( )i ih q h r 
  

if   .q r  

Consider

1 2 3( ) ( ) ( ) ( ) ...ih q r s h q r s h q r s h q r s        =   

. 1 2 3( ) ( ) ( ) ...h r h r h r     since each ih is a “fuzzy 

lateral ideal”.  

( ).ih r=   

( ) ( ).i ih q r s h r    

Similarly,  ( ) ( )i ih q r s h q   and 

( ) ( ).i ih q r s h s    

Hence, ih is a FI of T. 

Definition 3.19: Let T be a POTΓSG and h  be a FI of   T. h  

is said to be a maximal if there does not have any proper FI
 
g    

of   T .h g   

Theorem 3.20: “If T is a POTΓSG with unity e , then the 

union of all proper FIs of T is the unique fuzzy maximal ideal 

of   T”.  

Proof: Suppose Mh  is the union of all proper FIs of T.
 

Mh
 
is a FI of T  

Consider Mh  is not proper then  

M T MC ( ) 1 Th h x x=  =    

( ) 1ih x =  for some FI ih  

Mih h = Tih h =  but ih  is proper.  

Hence Mh  is a proper FI of T.  

Mh  contains all proper FIs of T.  

Mh is maximal FI of T.  

If Mg is any other maximal FI of   T, then M M TC .g h   

M M .g h =  

Hence, Mh is the unique ‘fuzzy maximal ideal’ of   T.  

Theorem 3.21: Let T be a fuzzy left STΓSG, then T is fuzzy 

simple  semi group. 

Proof: Assume that T is a fuzzy left STΓSG.  

consider  h  is a FI of   T  

h  is a FLI of  T.  

Hence  h  is a constant function  

Therefore, T is a fuzzy simple  semi group.  

Corollary3.22: “Let T be a fuzzy lateral (right) STΓSG, then 

T is fuzzy simple  semi group”. 

Theorem 3.23: let T be a POTΓSG and c  be a “Ordered 

Fuzzy Point”(OFP)  of  T. If c  is semi simple and 

idempotent, Then , .nc c n     

Proof: If c  is semi simple and idempotent.  

Let Tc  and n  is a natural number.  
3c c    is true for 3n = since c is fuzzy semi 

simple.  

Consider, the assumption is true for  

2.n− . .,i e 2nc c 

−   

suppose
2nc c c  

−      
3 ,c c c c c       = =  

c  is idempotent. Therefore  , .nc c n     

4. Fuzzy Identity and Fuzzy Zero of a POTΓSG 

Definition 4.1: Let T be a POTΓSG and h be FS of T. Let us 

define [h) by ) ( ) ( ) ,
r s

h r h s r T


=      where .s T  

Proposition 4.2: Let h,  g  be   FSs  of T. The subsequent 

conditions are true. 

1) h T   2)  if h g then [ ) [ ).h g   

Proof: 1) let r T , Since 

 ) ( )  ) ( ) ,
r s

h r h s s T


=      

Since  )( ) ( ) ( ).
r r

r r h r h r h r


  =    

Hence  )h h   

2) If h g   then ( ) ( ),r T h r g r    , 

Thus

 ) ( ) ( ) ( ) ( )  ) ( ) , .
r s r s

h r h s g s g r r T
 

=    =     

       Hence  )  )h g . 

DEFINITION 4.3: An OFP z  of a POTΓSG T is known as 

fuzzy left identity of T if  z hhh  =    and  
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( ), ,h z h H T z T    and  (0,1]   . 

DEFINITION 4.4: An OFP z  of a POTΓSG T is known as 

fuzzy right identity of T if h zh h  =  and  

( ), ,h z h H T z T     and (0,1].   . 

DEFINITION 4.5: An OFP z  of a POTΓSG T is known as 

fuzzy lateral identity of T if  h hz h  =  and 

  ( ), ,h z h H T z T     and   (0,1].   

DEFINITION 4.6: A FS h of a POTΓSG T with an identity is 

called as  fuzzy left identity of T if 1 2 hh h h  = and 

 1 12 1, , ( ).h hh Th hh H       

DEFINITION4.7: A FS h of a POTΓSG T with identity is 

called as fuzzy lateral identity of T if  21 hh h h  =  and 

1 12 2, , ( ).h hh Th hh H     

DEFINITION4.8: A FS h of a POTΓSG T with identity is 

called as fuzzy right identity of T if   21 h h hh  =  and  

1 12 2, , ( ).h hh Th hh H      

DEFINITION4.9: An OFP z  
of a POTΓSG T is called as 

fuzzy zero of T   if  z h hh h h hz z z   =   =   =

and , ( ).h z h H T    

THEOREM4.10: If q is a fuzzy PO left zero, r is a fuzzy 

PO right zero  and
 
s  PO lateral zero of a POTΓSG T then 

q r s  = =  where [0,1] .  

Proof:  Given q  is fuzzy PO left zero of  T . 

, ( )gq q h Hh g T    =
 
and q h   

q qs r     =
 
and q h  , ( ).h H T   

since r  is a fuzzy PO right zero of T
 

q s r r      =  and , ( ).r g g H T   
 

Since s  is a fuzzy PO lateral zero of T 

, ( )h h Hs gg s T =  
   

q s r s      =
 and  

, ( ).s h h H T     

.q q r ss r       = = =  

THEOREM 4.11: “Let T be a fuzzy POTΓSG. Then T has 
atmost one fuzzy zero element”.  

Proof: let , ,q r s     be any 3 fuzzy zeros of a POTΓSG T.  

, ,q r s    be treated as fuzzy left, lateral & right zeros of 

T resp. 

We know that by the above theorem, we have
 

.q r s  = =  

 

 

 

Hence a fuzzy POTΓSG has at most one fuzzy PO zero element. 

5. Operations on Fuzzy POTΓSG 

Definition 5.1: Let  i i I
h


  be the family of FSs of a POTΓSG 

T and I,an index set. Now define intersection, union as follows. 

 1 2 3( )( ) ( ) min ( ), ( ), ( ) , ,i i
i Ii I

h r h r h r h r h r r T


= = −−−−    

1 2 3( )( ) ( ) max{ ( ), ( ), ( ), }, .i i
i I

i I

h r h r h r h r h r r T




=  = −−−    

Definition 5.2: “a FS h   of a   POTΓSG T  is known as fuzzy 

POTΓSG of T  if  ( )i q r then ( ) ( )h q h r  (ii) 

( ) ( ) ( ) ( ), , , T, , ".h q r s h q h r h s q r s          

 Theorem 5.4: “The intersection of any two 

fuzzy POTΓSSGs of a POTΓSG T is a fuzzy 

POTΓSSG of  T”. 

Proof: If h1, h2  be any 2 fuzzy POTΓSSG of T. 

1) Suppose 

1 2 1 2 1 1 2 2 1 2( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )h h q r s h q r s h q r s h q h r h q h r h s h s   =             
 

1 2 1 2 1 2( ) ( ) ( ) ( ) ( ) ( )h q h q h r h r h s h s     
 

1 2 1 2 1 2( )( ) ( )( ) ( )( ), , , .h h q h h r h h s q r s T       
 

2) Let q r
 

Consider:   

1 2 1 2 1 2 1 2( )( ) ( ) ( )( ) ( ) ( ) ( )( ).h h q h q h q h r h r h h r =    =   

                 1 2h h 
 
is a fuzzy POTΓSG of T. 

Theorem 5.5: “The intersection of arbitrary family of fuzzy 

POTΓSSGs of T is a fuzzy POTΓSSG  of  T”. 

Proof: Let h1 , h2 , h3, h4------ be the family of fuzzy POTΓSGs 

of T. 

1) Consider 

1 2( )( ) ( ) ( )i
i I

h q r s h q r s h q r s

   =      −−−−  

1 1 2 2 1 2( ) ( ) ( ) ( ) ( ) ( )h q h r h q h r h s h s      −−−−

1 2 1 1 2 2( ) ( ) ( ) ( ) ( ) ( )h q h q h s h r h r h s       

( )( ) ( )( ) ( )( )i i i
i I i I i I

h q h r h s
  

     

   2) let q r
 

 Consider  

1 2( )( ) ( ) ( )i
i I

h r h r h r

 =  −−−− 

1 2( ) ( )h s h s −−−− ( )( )i
i I

h s


= 
 

The intersection of arbitrary family of fuzzy POTΓSSGs of 

T is a fuzzy POTΓSSG of T. 

Definition 5.6: Let h be a FS of a POTΓSG T. The smallest 

fuzzy POTΓSG of T containing h is known as fuzzy POTΓSG 

of T generated by h and is denoted as ( ).h  

Theorem 5.7: Let h   be a FS of a POTΓSGT. Then (h ) = The 

intersection of all fuzzy POTΓSG s of T containing h. 
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Proof: Let { /g g= is a fuzzy Po Γ semi group of T and 

}h g  

since T itself is a fuzzy POTΓSG and h T   

T   

 

Let  
* *

1

g

H g H


=      by above theorem, 
*H  is a 

fuzzy POTΓSG of T. 

Since
* *

1 1, ,H g g H   is the smallest fuzzy POTΓSG 

of T containing h. 

Hence
* ( ).H h=  

6. Conclusion 

The study of fuzzy PO Ternary Γ Sub Semi Group of 

POTΓSG T, we introduced the notions of FTΓSSG, fuzzy 

simple POTΓSG, fuzzy identity and fuzzy zero of T. Also 

showed some more relations between them. Hopefully, some 

more new results in this topic shall be obtained in the upcoming 

papers.  
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