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Abstract: We introduce the terms Fuzzy Simple POTISG,
Fuzzy left (right & lateral) identity. And proved Fuzzy left (right&
lateral) identity of a POTTSG if exists they are same. Fuzzy left
(right & lateral) zero of a POTI'SG Also shows that the
intersection of infinite family of fuzzy POTI'SSGs of a POTIT'SG T
is fuzzy POTT'SG of T. Also h is a fuzzy ideal of a POTTSG T iff
hITITCh TITrhCh, TTACTCh and (h] S h. Finally, we
showed the intersection, union of arbitrary family of fuzzy deals of
Tisan ideal of T.
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1. Introduction

A. H. Clifford and Preston G.B [2], [3], Petrich. M [5] and
Ljapin E. S [4] were deeply studied Algebraic theory of semi
groups. A.Anjaneyulu [1] had buildout an ideal theory in semi
groups. The “fuzzy theory” of semi groups are established by
Kuroki and Xie. Sarala.Y [13] defined theory of ideals in
ternary semigroup. Pradeep J.M, Gangadhararao. A,
Ramyalatha. P, Achala [16] defined Fuzzy identity and Fuzzy
zero of a PO ternary semi group, PO ideal, PO ideal generated
by a subset.

We introduce some classical concepts of Fuzzy simple
POTI'SG, Fuzzy identity and Fuzzy zero of a POTI'SG,
operations on fuzzy POTI'SG in this paper. We denote Po
ternary I' semi group as POTT'SG, Po ternary I'" sub semi group
as POTT'SSG, Fuzzy Subset as FS, Fuzzy ideal as FI, ordered
fuzzy point as OFP, fuzzy left ideal as FLI, fuzzy right ideal as
FRI throughout in this paper.

2. Prerequisites

Definition 2.1: “A semi group T has an ordered relation “<”
is known as PO ternary I" semi group (POTI'SG) if T isa

POSET such that  <T = gy 0,60, < ry0,00,,

0,700, <q,ro4q,, 4,709,609 < q,7q,0r V
q,r,q,,9, T
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Definition 2.2: “Let ¢ # C C T. The characteristic mapping
1 if teC
h.:T—[0,1] s defined as h.(t) = _ .
¢ .4 (0 0 if tegC
Then N, is afuzzy subset (FS) of T”.
Definition 2.3: “A mapping h: T —[0,1] is said to be a
FSof T.ThePOTISGitselfaFSof T> T(t)=1VteT

and it denotes T or 1”.
Definition 2.4: Let K CT, a POTI'SG. Now let us define

(K]={reT/ r<hforsome heK}, when
K ={c} we write (c]=({c}]:{r eT/r<c}.
Definition 2.5: Let K CT, a POTI'SG. Now let us define
[K)={reT/ h<rforsomeheK}, when

K ={c} wewrite (c]=({c}]={reT/r<c}.
Definition 2.6: Let h be a FS of a POTT'SG T. Let us define (h]
as (h](r)= v h(s), VreT

Note 2.7: “The collection of every FSs of T is denoted as H(T

)”.
Definition 2.8: Let U,V,W be FSofaPOTI'SG T. For each
teTthe product ul'viw is  defined as

v u(@) Av(r) Aw(s)

(urvIw)(t) = {qurﬁs ift<qyros exists

0 otherwise.
Definition 2.10: “Let h be FSof T, aPOTI'SG is known as
fuzzy POTISSG of T if (i)q<rthen h(q)>h(r)
(if)

h(gyros) > h(g) Ah(r) Ah(s), vq,r,seT,y,0 €.
Definition 2.11: “a FS h of a POTI'SG T is known as fuzzy
PO left ideal of T if

(1)g < rthen h(q) > h(r)

(i) h(gyros)>h(s), vq,r,seT,y,0 I™.
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Lemma 2.12: “Let T be a POTT'SG and h be FSof T. hisa
fuzzy PO left ideal of T <= h satisfies the conditions that
(1)g <rthen h(q) > h(r), vg,reT,

(i) TThCheh”.

Definition 2.13: “a FS h of a POTI'SG T is known as fuzzy
PO right ideal of T if

(1)g < rthen h(q) > h(r)

(i1) h(gyros)>h(q), vq,r,seT,y,0el™.

Lemma 2.14: Let h be aFS of a POTISG T. his a fuzzy PO
right ideal of T iff N satisfies the conditions that

(i)g <rthen h(g) > h(r), Vq,reT, (ii) hI'h['T ch.
Definition 2.15: “a FS h of a POTI'SG T is known as fuzzy
PO lateral ideal of T if

(1)g < rthen h(q) > h(r)

(i) h(qyros)=h(r), vq,r,seT,y,0el™.

Lemma 2.16: Let N beaFSof a POTISG T. h is a fuzzy
PO lateral ideal of T iff h satisfies the conditions that

(i)g <rthen h(g) > h(r), vg,reT, (ii) hI'TThch.

Definition 2.17: “Let T be a POTI'SG and N bea FSof Tis
said to be a ‘fuzzy ideal(FI)’ of T if

Mg<r then h(g)=h(r)

(it) h(qyros) > h(s), h(gyros) > h(q), h(qyros) > h(r).
Lemma 2.18: “Let T be a POTI'SG and N be a FS of T. Then,
his Flof T iff h satisfies the conditions that

(1)g <rthen h(q) > h(r), vg,reT,

@it) TThT'h < h,hC’hI'T < h,h[TTh < h”.

Lemma 2.19: Let @ # CCT, a POTI'SG. Then C is a left

ideal of T iff the characteristic function h., of Cisa FLI of
T.

Lemma 2.20: Let T be a POTI'SG and ¢ #CCT.ThenCis
a right ideal of T iff the characteristic function h., of Cisa
FRI of T.

Lemma 2.21: Let T be a POTT'SG and ¢ #CCT. ThenC
is an ideal of T iff the characteristic function h., of CisaFI
of T.

Proposition 2.22: Let N, J,Sbe three FSs of T. Then the

subsequent conditions are true.
hc (h],vhe H(T)

1

2. If hcg,then (W] < (9]

3. (hIr(g]l< (hrg), ¥ h,g e H(T)

4. ForanyFl h of T, (h] < (9]

5. If h,g areFlof T,then hI'g, hug areFIsof T
6. hI'(gu f]lc(hI'guhlf]

7. (guh]l'f < (gI'f uhI'f]
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8. If Z, isanOFPof T,then z, =(z,].
Definition 2.23: Let T be a POTI'SG, Z€ T and 4 € (0,1].
AnOFP Z,, Z, : T —[0,1] defined by
A if re(z]
(1) :{0 if re(z]
Clearly Z, isaFS of T. For each FS h of T and denote Z,
Chas Z, €h
Definition 2.24: Let h be a FS of T and te[0,1]. If

h ={r/reT/h(r) >t} then h, is termed as t-cut or a
level set.

3. Fuzzy Simple POTI'SG

Definition 3.1: “A POTI'SG T is known as left Simple Ternary
I semi group (LSTI'SG) if T is itself only left ideal”.
Definition 3.2: “A POTI'SG T is known as fuzzy left Simple T
I semi group (FLSTI'SG) if each fuzzy left ideal (FLI) in T is
a constant function”.

Definition 3.3: Let h be a FS of a POTI'SG T. We define

1 for re(TI'TIa]
h(TrTra] (r) as h(TrTra] (r= {

0  otherwise
Theorem 3.4: “Let T be a POTI'SG. Then h(TFTFa] is FLI of
T,foreach aeT”.
Proof: (1) for q,r,SeT and
If r e (TI'TIa], then
Nerrrrag (A) = Nerrrrag () = Perprray (8) =1 since
g<r=qe(TI'Tral.
If r g (TI'TIa], then
h(rrTra] (r)=0< hOTTFa] (s)=1.
By summarizing the above Nrrrry (A) 2 hipprrg (1)-
@ 1f rg (TT'TCa], then

h(TrTra] (r)=0< h(TrTra] (qyros).

If re(TrTra], then hypy () =1

re(TI'Tlra] and (TI'TTa]is a PO right ideal of T, then
qrrose(TIr'Tral]vqeT,y,0 e’

= h(FFTFa] (qyrés) =1= h(rrTra] (s)
Nerrrray (A776S) 2 Mgy ()

From (1) and (2), Nrprrqy is FLL.

Theorem 3.5: Let T be a POTI'SG, the subsequent statements
are equal.

1) Tisa LSPOTI'SG 2) TisaFLSTISG.

Proof: First we prove (i)=> (ii):

Assume that T is a LSPOTI'SG.

Supposeh isany FLI of T, Then (,r,S€ T and
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y,0el’

m=qylol and | =rymom

By definition of T,

we have h(l) = h(rymsm) = h(m) = h(gy151) > h(l)
= h(l) =h(m)

.. h is constant FI.

Hence, T is fuzzy left simple POTI'SG.
(it) = (i): Suppose that T is a FLSTI'SG.

If Cisany PO leftideal, then C_ isaFLI of T.
=> C,. is constant function.
Let reTand C=e,C.(r)=1 implies that reC

=TcC.

.. T=C. Hence T is LSPOTI'SG.
Theorem 3.6: Let T be a POTT'SG. Then T is a FLSPOTI'SG

iff Nepreg =T =h; VaeT.

Proof: Suppose that T is a FLSPOTI'SG.
By above theorem, T is a LSPOTI'SG. Then, we have

(TrTral=T.
Therefore N,y =T =h; VaeT.

Conversely, suppose that h(TrTra] =T=h,.

= h(TrTra] (t) = hT (t)
= (TT'Tra]=T. Then T is a LSPOTI'SG. Then by above

theorem, T is a FLSPOTI'SG.

Definition 3.7: “A POTI'SG T is known as right Simple
Ternary I" semi group (RSTI'SG) if T is itself only PO right
ideal”.

Definition 3.8: “A POTI'SG T is known as fuzzy right Simple
Ternary I semi group (FRSTI'SG) if each FRI of T is
constant function”.

Definition 3.9: Let h be a FS of a POTI'SG T. We define

h (r) = 1 for re(al’'TI'T]
@I 700 otherwise

Definition 3.10: “Let T be a POTI" SG T is known as fuzzy
Simple ternary I" semi group (FSTI'SG) if every Fl of T is a
constant function”.

Theorem 3.11: “Let T be a POTT'SG. Then N, pq; isa FRI
of TforallaeT”.

Proof: (a) Let p,g,reT and @, e’

Also P<Q,q<r.

Ifq e (@' TI'T], then

h(al’TFT] (p)= h(arTrT] = h(a[‘TFT](r) =1 since p=(q
implies pe (al'TI'T]

If g & (@I TI T]then N1y (9) =0 < hyr 1 (P)

By summarizing the above N1, (P) 2= Ny (Q)-

(b) If p ¢ (@l TI'T], then
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h(aFTTT] (p)=0< h(arTrT] (Pxqpy)

If pe(@'TI'T] then f 1y =1.

Since pe(@lTI'T]and (2l TI'T]is PO right ideal, then
pe(@TIT]e paqpfyforall qeT and o, f e

Mo (PGBT) =1= (P
Therefore h(al"Tl"T] (paqpr) > h(aFTFT] (p).
h(aFTFT] isaFRIof T.

Theorem 3.12: Let T be a POTI'SG T, then the subsequent
conditions are equal.

(1) Tisa RSPOTI'SG 2) T is a FRSPOTI'SG

Proof: (1)= (2):

Suppose T is a RSPOTI'SG.

Consider h is any FRI, Then I,m,neT and
a,f,7,0 €l suchthat pappfl=q and gygom= p.
Since hisaFRI, Then

h(p) =h(qyaém) = h(q) =h(pappm) = f(p)

= h(p)=h(a)vp,qeT

h is a constant FI.

Hence T is a FRSPOTI'SG.
(2)= (1): Suppose that T is a FRSPOTT'SG.

Let A be any PO ‘right ideal’ of T. Then CA isa FRI.

= C, is aconstant function.

Let teT,since A#@,C,(t)=1 implies that te A
=TcA

T=A

.. TisaRSPOTI SG.
Theorem 3.13: “Let T be a POTT'SG. T is a FRSPOTI' SG <

h(arTrT] =T=hVaeT”
Proof: Suppose that T is a FRSPOTI'SG. By above Theorem,
T isa RSPOTT'SG. Then, we have (al' TI'T]=T.

Therefore h(arTl_T] =T=h,VaeT.

Conversely assume that h(arTrT] =T=h,

= h(aT‘TT‘T] (t) = hT (t)
= (aI'TI'T] =T. Then, T isa RSPOTI'SG. Then by above

Theorem, T is a FRSPOTI'SG.
Definition 3.14: “Let U,V, W be three FSs of T, (UI'vI'w] is

defined by (uI“vI“W](t)zt v (urv'w)(pyqor),
<ryséw

vVteT,y,o0el™.

Definition 3.15: “Let T be a POTI'SG and h be FI of T. Then
h is known as globally idempotent if (h"] = (h], vn”.
Definition 3.15: Let T be a POTI'SG. T is known as fuzzy
globally idempotent if (T"]=(T], Vn.
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Theorem 3.16: “If T is a POTI'SG with unity “€ ” and h is
a Flof “T” with h(e) =1,then h=h, =T".

Proof: Let I € T.

Consider h(r) =h(ryese) >h(e) =1. ..h=h, =T.
Definition 3.17: a non-zero FI h of POTI'SG T is known as
proper Flif h=C, =T.

Theorem 3.18: “Let {h;} be any Fls of a POTT'SG T. Then
the infinite union of FIs is Fl of T”.
Proof: let {h;} isaFlsofa POTI'SG T.

Let ,r,Se€T suchthat Q<I,I<S.

Uh, (g) = max {h,(q), h,(q), h,(a),---|
=h(a) vhy(a) vh(a)v ...

>h (r)vh,(r)vhy(r)v... sinceeach h isaFl.

=max {h,(r), h,(r),hy(r),...} = Uh(r)
~ouh(g)=>uh(r) if g<r.

Consider

Consider

uh. (qyros) =h (qyros) v h,(qyros) v h,(qyros) v ..

>h(r)vh,(r)vhy(r)v... since eachh is a “fuzzy
lateral ideal”.
=Uh.(r).
~.uh (qyras) = Uh(r).
Similarly, wh. (gyros) = uh.(q) and
uh (qyros) = Uh.(s).
Hence, Uh,isa Fl of T.

Definition 3.19: Let T be a POTT'SG and h beaFlof T. h
is said to be a maximal if there does not have any proper FI {

of Tohcag.

Theorem 3.20: “If T is a POTI'SG with unity €, then the
union of all proper Fls of T is the unique fuzzy maximal ideal
of T”.

Proof: Suppose hy, is the union of all proper Fls of T.
=h,, isaFlof T

Consider h,, is not proper then

hy =C; = h,(x) =1vxeT

h (x) =1 forsome FI h

wuh =hy, = h =h; but h, is proper.

Hence hM is a proper Fl of T.

hM contains all proper Fls of T.

= h,, is maximal FI of T.
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If g, isany other maximal Fl of T,then g,, < h,, = C;.
SOy =hy-
Hence, hM is the unique ‘fuzzy maximal ideal’ of T.

Theorem 3.21: Let T be a fuzzy left STI'SG, then T is fuzzy
simple I" semi group.

Proof: Assume that T is a fuzzy left STT'SG.

consider h isaFlof T

S hisaFLlof T.

Hence h is a constant function

Therefore, T is a fuzzy simple I" semi group.
Corollary3.22: “Let T be a fuzzy lateral (right) STT'SG, then
T is fuzzy simple I" semi group”.

Theorem 3.23: let T be a POTI'SG andC; be a “Ordered

Fuzzy Point”(OFP) of T. If C, is semi simple and

idempotent, Thenc, =<c, >",Vn.
Proof: If C, is semi simple and idempotent.

Let ce T and N isa natural number.

=C, c<(C, >%is true for N =3since C,is fuzzy semi
simple.

Consider, the assumption is true for

n-2.ie,c, c<c, >"?

suppose < C, > T< c,>I'<c, >

3
oc,Ic,Ic,=c,”=c,,

C, is idempotent. Therefore C, —<C, >" wn.

4. Fuzzy ldentity and Fuzzy Zero of a POTT'SG
Definition 4.1: Let T be a POTI'SG and h be FS of T. Let us
i h)(r)= v h(s),VreT
define [h) by[ )( ) r\Z/S ( ) el where seT.

Proposition 4.2: Let h, g be
conditions are true.

1) heT 2) if hc gthen [h) <[0Q).
Proof: 1) let r € T , Since

[h)(r)= v [h)(s),VseT

r=s

since r >r=[h)(r)=\/h(r)=h(r).

r=r

FSs of T. The subsequent

Hence h < [h)

2) Ifhcg tenVreT,h(r)<g(r),
Thus

[M)(r)=v.(h)(s)< v a(s)=[g)(r),vreT.
Hence [h)g[g).
DEFINITION 4.3: An OFP Z, of a POTT'SG T is known as
fuzzy leftidentity of Tif z,’h[Ch=h and
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hcz,,VheH (T),Z €T and 1€(0,1] .
DEFINITION 4.4: An OFP Z, of a POTI'SG T is known as
fuzzy right identity of T if h[h['z, = h and
hcz,,VheH (T),Z eT and 21€(0,1]. .
DEFINITION 4.5: An OFP Z, of a POTI'SG T is known as
fuzzy lateral identity of Tif hI'z,I’"h =h and
hcz,,VheH (T),Z €T and 1e<(0,1].

DEFINITION 4.6: AFS h of aPOTI'SG T with an identity is
called as fuzzy left identity of T if hI'h,I"h, = h and

h, ch,h, chvh,h e H(T).
DEFINITION4.7: A FS h of a POTT'SG T with identity is
called as fuzzy lateral identity of T if hI"hI"h, =h and

h, < h,h, chvh,h, e H(T).
DEFINITION4.8: A FS h of a POTI'SG T with identity is
called as fuzzy right identity of T if hI"h,I"h =h and

h = h,h, chvh,h, e H(T).

DEFINITION4.9: An OFP Z, of a POTT'SG T is called as
fuzzyzeroof T if Z,’h[Ch=hI'z,"h=hI'h["z, =2,
and hcz,,Vvhe H(T).

THEOREMA4.10: If (, is a fuzzy PO left zero, I, is a fuzzy
PO right zero and S, PO lateral zero of a POTI'SG T then
g,=r,=s, whered €[0,1].

Proof. Given (], is fuzzy PO left zero of T.
~.q,I'’hrg=q,vh,geH(T) and g, < h
~.q,Is,I'r, =q, and g, =h,vhe H(T).

since I, isafuzzy PO right zero of T
=q,Is,Ir,=r,and 1, € 9,Vvge H().

Since S, is afuzzy PO lateral zero of T
~hI's,I'g=s,vh,ge H(T)

and 2 ch,YheH(T).
~qIs,I'r,=q,=r,=s5,.

THEOREM 4.11: “Let T be a fuzzy POTI'SG. Then T has
atmost one fuzzy zero element”.

Proof: let q,,I,,S, beany 3 fuzzy zeros of a POTT'SG T.

=q,Is,I'r, =s,

=(,,I,,S, be treated as fuzzy left, lateral & right zeros of
T resp.
We know that by the above theorem, we have (, =T, =S,.
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Hence a fuzzy POTI'SG has at most one fuzzy PO zero element.

5. Operations on Fuzzy POTI'SG

Definition 5.1: Let {hi }iel be the family of FSs of a POTI'SG

T and I,an index set. Now define intersection, union as follows.

(ﬂhi)(r) = Ah(r) =min{h (r),h,(r),h,(r) ————},vr T,

iel iel
(Uhi)(r) =V h (r) = max{h,(r),h,(r),h,(r),——-} VreT.
iel
Definition 5.2: “aFS h ofa POTI'SGT is known as fuzzy
POTI'SG of T if (i) < rthen h(q) >h(r) (i)
h(gyros) > h(g) Ah(r) Ah(s), vq,r,seT,y,6 el'™.
Theorem 5.4: “The intersection of any two
fuzzy POTI'SSGs of a POTI'SG T is a fuzzy
POTI'SSG of T”.

Proof: If hy, h, be any 2 fuzzy POTI'SSG of T.
1) Suppose
(h,"h,)(@I'rTs) =h,(qI'rTs) Ahy (AIrTs) > by (g) Ahy (1) A, (@) Ah, (1) Ahy(S) Ahy(S)

> h, (q) Ah, () Ahy(r) Ahy(r) ARy (s) Ah,(s)

> (h, " h,)(@) A (h, AR A (R AR)(s), Vg, s €T,

2)Letg=Tr

Consider:

(h,h,)(@) =hy(a) A (h,)(@) = hy(r) Ah,(r) = (h, A hy)(r).
= |”l1 M h2 is a fuzzy POTI'SG of T.

Theorem 5.5: “The intersection of arbitrary family of fuzzy
POTI'SSGs of T is a fuzzy POTI'SSG of T”.

Proof: Let hy, hy, hs, hs—.. be the family of fuzzy POTT'SGs
of T.

1) Consider

(NR)(Ar'TTs) = h(ITTs) A, (ArTs) A=~~~

> hy (@) Ay (r) A, (a) AR, (1) AR (8) A, (8) - —— -
>, (0) Ah, (@) Ah(s) Ahy(r) Ah,(r) Ahy(s)

> (Nh)(@) A (QR)(N) A(QR)(S)

2)let q<r

Consider

(Oh)(r) =h () ARy (r) ———-=
h(s) Ahy(s) === = (nh)(s)

.. The intersection of arbitrary family of fuzzy POTI'SSGs of
T is a fuzzy POTT'SSG of T.

Definition 5.6: Let h be a FS of a POTT'SG T. The smallest
fuzzy POTT'SG of T containing h is known as fuzzy POTT'SG
of T generated by h and is denoted as (h).

Theorem 5.7: Leth be a FS of a POTT'SGT. Then (h) = The
intersection of all fuzzy POTI'SG s of T containing h.
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Proof: Let={g/gis a fuzzy Po ' semi group of T and

hc g}
since T itself is a fuzzy POTTSG andh < T

=>TeA= A=

Let H = ﬂgl = H" #J by above theorem, H” isa

geA
fuzzy POTT'SG of T.
Since H™ = g,, Vg, € A, H  is the smallest fuzzy POTTSG

of T containing h.
Hence H™ = (h).

6. Conclusion

The study of fuzzy PO Ternary ' Sub Semi Group of
POTI'SG T, we introduced the notions of FTI'SSG, fuzzy
simple POTI'SG, fuzzy identity and fuzzy zero of T. Also
showed some more relations between them. Hopefully, some
more new results in this topic shall be obtained in the upcoming
papers.
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