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Abstract: This paper proposes a solution using the particle 

swarm optimization (PSO) to self-correct and simultaneously 

optimize the parameters of the PID controllers in the inverted 

pendulum control system with the purpose to make the tolerances 

of arm angles and pendulum angles are the smallest, helping to 

keep the pendulum balanced. The rotary inverted pendulum is a 

very interesting object, which represents a class of control objects 

with complex nonlinearities and is used as a common model for 

many applications in control engineering. Based on the modeling 

of the inverted pendulum system with the use of PID controllers 

whose parameters Kp, Ki, Kd are selected experimentally, usually 

still make the knife system large dynamics and does not reach a 

steady state. Therefore, the proposed solution has shown its 

superiority through the results of system simulation by 

Simulink_matlab tool, the parameters Kp, Ki, Kd of the two PID 

controllers have been adjusted, updated intending to make the 

system stable faster. If simultaneously increasing the number of 

generations 15, 20 and 30 corresponding to the number of 

individuals of 20, 30, and 50, the Adaptation Function converges 

very quickly, the arm angle  and the pendulum angle  stabilize 

faster. 

 

Keywords: rotary inverted pendulum, particle swarm 

optimization, PSO-PID, optimize PID controller. 

1. Introduction 

The PID controller is a popular controller in the industry, 

with a simple design but an effective solution to many different 

control problems. The adjustment of three parameters Kp, Ki, 

Kd of the PID controller suitable for each control object is a 

problem for the designer. Most of these parameters are 

determined based on experience and are "trial and error", so it 

will take a lot of time to adjust when encountering complex 

objects that the results will not be optimal. Jia-Jun Wang [1] 

combined two one-in-one-output PID controllers to obtain a 

compromise controller and successfully applied it to a rotating 

inverted pendulum system. However, the parameters of this 

compromise controller can only be determined experimentally. 

According to Nguyen Van Dong Hai - Ngo Van Thuyen [2] has 

combined a static PID and a PID-neuron controller whose 

parameters are updated online and has been effectively applied 

in controlling the inverted pendulum, but since this alternative 

still uses a static PID, the control quality will not be optimal. 

 

In this study, the author proposes to research and apply the 

swarm algorithm to simultaneously optimize the parameters of 

2 PID controllers and control applications for the inverted 

pendulum. This is an object with high nonlinearity, so the 

successful control of this object by the PSO-PID controller is 

scientifically meaningful and highly practical. Control methods 

can be applied to many objects. 

2. Inverted Pendulum Control System 

A. Mathematical model of an inverted pendulum system 

The inverted pendulum system consists of a pendulum of 

mass m, length 2L that can rotate freely, the angle of the 

pendulum to the vertical is α, the pendulum is attached to a 

horizontal bar of length r. The DC servo motor is used to move 

the horizontal bar in both forward and reverse directions with 

an angle θ [3], shown in Figure 1. 

 
Fig. 1.  Simple model of an inverted pendulum 

 

The system of equations describing the nonlinear dynamic 

characteristics of the system, 

 

 {
�̈� =

1

𝑎
. [𝑏. 𝑐𝑜𝑠𝛼. �̈� −  𝑏. 𝑠𝑖𝑛𝛼. �̇�2 −  𝑒�̇� + 𝑓. 𝑉𝑚]

�̈� = (1/𝑐). (𝑑. 𝑠𝑖𝑛𝛼 + 𝑏. 𝑐𝑜𝑠𝛼. �̈�)
  

 (1) 

 

with  

𝛼 = 𝐽𝑒𝑞 +  𝑚𝑟
2 + 𝐽𝑚;  

𝑏 =  𝑚. 𝐿. 𝑟;  
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𝑒 = (𝐵𝑒𝑞 + 𝜇𝑚. 𝐾𝑀.
𝐾𝐸

𝑅𝑚
); 

𝑐 =
4𝑚𝐿2

3
;  

𝑑 = 𝑚𝑔𝐿; 𝑓 = 𝜇𝑚.
𝐾𝑚

𝑅𝑚
 

 

With a small angle α (𝛼 ≈ 0,   �̇� ≈ 0, 𝑠𝑖𝑛𝛼 ≈ 𝛼, 𝑐𝑜𝑠𝛼 ≈ 1), 
linearizing system (1), we have: 

 

{
�̈� =

1

𝑎
. [ 𝑏. �̈� −  𝑒�̇� + 𝑓. 𝑉𝑚]

�̈� = (1/𝑐). (𝑑. 𝛼 + 𝑏. 𝑐𝑜𝑠𝛼. �̈�)
             (2) 

 

Taking Laplace on both sides of equation (3.2), we have: 

 

 {
𝑎𝑠2𝛩(𝑠) − 𝑏𝑠2𝐴(𝑠) − 𝑒𝑠. 𝛩(𝑠) = 𝑓. 𝑉𝑚(𝑠)

−𝑏𝑠2Θ(𝑠) + 𝑐𝑠2𝐴(𝑠) − 𝑑. 𝐴(𝑠) = 0
        (3) 

 

The transfer function of the linear model 

 
𝐴(𝑠)

𝑉𝑚(𝑠)
=

𝑏𝑓𝑠

(𝑎𝑐−𝑏2)𝑠3+𝑐𝑒𝑠2−𝑎𝑑𝑠−𝑑𝑒
              (4) 

 

The system of state variable equations of the linear model is 

obtained by solving the system (2.1) with two unknowns (θ) and 

α. 

 

{
�̈� =

1

𝑎𝑐−𝑏2
(𝑏𝑑𝛼 − 𝑐𝑒�̇� + 𝑐𝑓𝑉𝑚)

�̈� =
1

𝑎𝑐−𝑏2
(𝑎𝑑𝛼 − 𝑏𝑒�̇� + 𝑏𝑓𝑉𝑚)

                (5) 

 

Inference: The system of state variable equations of the 

rotary inverted pendulum system 
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B. Modeling a rotating inverted pendulum system in Matlab 

Simulink 

Based on the mathematical equations of the rotating inverted 

pendulum system to build an inverted pendulum model in 

simulink as shown in Figure 2. 

 

 
Fig. 2.  Modeling a rotating inverted pendulum system in Matlab Simulink 

 

The parameters of the system used for simulation are taken 

according to Table 1 below: 

 
Table 1 

Parameter values of the inverted pendulum model 

Symbol Desciption Values 

m Pendulum mass 0.125 

L Half-length of pendulum 0.1675 

r Arm's length 0.215 

Jeq Equivalent moment of inertia 0.0035842 

g Gravity acceleration 9.81 

Beq Equivalent drag coefficient 0.004 

µm Engine performance 0.69 

KE Electromotive force constant 0.00767 

KM Moment constant 0.00767 

RM Armature resistance 2.6 

C. Schematic diagram of the control of an inverted pendulum 

Simulink simulation model using Matlab Simulink as figure 

3 [3]. 

 

 
Fig. 3.  Control diagram to keep the balance of the forward pendulum for 

both angles α and θ 

 

Combining the arm angle PID controller and the pendulum 

angle PID controller we have: 

 

PIDα = Iout (α)+Pout (α) +Dout (α)   

 

PIDθ = Iout (θ)+Pout (θ) +Dout (θ)   

 

The control voltage is calculated by the following formula: 

 

Udk = UPIDα - UPIDθ 

 

In this case, the arm angle θ and pendulum angle α are sent 

to the two PIDs to control so that the pendulum is kept in the 

equilibrium position, and the angle of the pendulum arm is kept 

stable. 

D. Control system of the inverted pendulum using a PSO-PID 

controller 

1) PSO algorithm 

PSO is a parallel search technique, which is initialized with 

a random group of individuals (solutions) and then finds the 

optimal solution by updating generations. In each generation, 

each instance is updated to the two best values. The first value 

is the best solution obtained so far, called PPbest. Another 

optimal solution that this individual follows is the global 

optimal solution PGbest, which is the best solution that the 

neighbor of this individual has achieved up to the present time 
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[4], [5]. In other words, each individual in the population 

updates its position according to its best position and that of the 

individual in the population up to the present time as shown in 

Figure 4.  

 
Fig. 4.  Location update map of each PSO instance 

 

The velocity and position of each individual are calculated as 

follows: 

 

𝑉ℎ
𝑔+1

= 𝜔𝑉ℎ
ℎ + 𝐶1. 𝑟𝑎𝑛𝑑1(). (𝑃

𝐺𝑏𝑒𝑠𝑡 − 𝑃ℎ
𝑔
)

+ 𝐶2. 𝑟𝑎𝑛𝑑2(). (𝑃ℎ
𝑃𝑏𝑒𝑠𝑡 − 𝑃ℎ

𝑔
) 

 

 𝑃ℎ
𝑔
= 𝑃ℎ

𝑔
+ 𝑉ℎ

𝑔+1
 

 

In which, 

 
Table 2 

g

h
P

 

Individual h position at generation g 

g

h
V

 

Individual velocity h, at generation g 

1g

h
P

 

Individual h position in generation g+1 

1g

h
V

 

Individual velocity h, at generation g + 1 

Pbest

h
P

 

The best position of the h instance 

GbestP  
The best position of an individual in a population 

C1, C2 Acceleration coefficients 

ω Inertial weight 

rand1, rand2 Random number between 0 and 1 

 

- Diagram for controlling the inverted pendulum using the 

PSO-PID controller 

+ Objective function (adaptation function): 

The objective function uses the Integral of the Absolute 

magnitude of the Error (IAE) criterion to evaluate and find the 

optimal parameters for the two PID controllers. 

𝐼𝐴𝐸 = ∫|𝑒(𝑡)|𝑑𝑡

𝑡𝑓

0

 

From the control diagram in Figure 3, the objective function 

is determined: 

𝐼𝐴𝐸 = ∫ |𝑒1|𝑑𝑡 + ∫ |𝑒2|𝑑𝑡
5

0

5

0

 

In that: e1 and e2 are the errors at the input of the two PID 

controllers, respectively. Pg
h individual h in the g generation. 

Simulation time tf = 5s. 

At the same time, the author used the following formula to 

evaluate the convergence speed of the algorithm 

𝛿 = √
1

𝑛
∑(𝐼𝐴𝐸𝑃𝑖 − 𝜇)

2

𝑛

𝑖=1

 

𝜇 =
∑ 𝐼𝐴𝐸𝑝𝑖
𝑛
𝑖=1

𝑛
 

 

In which:  is the convergence rate of the algorithm, IAEpi 

is the objective function value of the i-th individual, n is the size 

of the swarm. 

+ Diagram of control system and control algorithm PSO. 

 

Optimizing PID controller parameters using PSO algorithm: 

 
Fig. 5.  PSO-PID control system 

 

For the inverted pendulum system using feedback of both 

angles  and , it is necessary to use 2 corresponding PID 

controllers. The PSO algorithm will contain 6 parameters for 2 

controllers including Kp1, Ki1, Kd1 and Kp2, Ki2, Kd2. 

 

Algorithm flowchart of PSO-PID control system: 

 

Bắt Đầu

Khởi tạo những giá trị ban đầu 

của quần thể, iter=0.

Áp đặt điều kiện ràng buộc cho 

mọi cá thể.

Mô phỏng mô hình con lắc với 

từng bộ tham số cho 2 bộ PID.

Tính giá trị hàm thích nghi theo 

tiêu chuẩn ITAE

Cập nhật giá trị vận tốc, vị trí 

của mỗi phần tử, iter=iter +1.

Max iter ?

Dừng

Thỏa

Chưa 

 
Fig. 6.  Algorithm flowchart of PSO-PID control system 
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3. Simulation Results 

Each value of the parameters in the PSO algorithm affects the 

quality of the control system. In this section, the researcher 

presents some cases with different values of selected control 

parameters, the results are as shown in Figure 7 and Figure 8. 
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Fig. 7.  Simulation result of angle θ and α after 15 and 20 generation 
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4. Conclusion 

The paper presented how to optimize the parameters of the 

PID controller using the swarm optimization algorithm applied 

in the control of the rotary inverted pendulum. The simulation 

process also proved that the parameters of the algorithm have a 

great influence on the process of optimizing the parameters of 

the PID controller as well as the time to reach the desired 

objective function value, specifically: 

 When increasing the number of individuals from 20, 30 

and 50 and keeping the number of generations the same, 

the Adaptation function converges quickly, the arm angle 

 and the pendulum angle  also gradually increase the 

stability. 

 When increasing the number of generations from 15, 20 

and 30 and keeping the number of individuals the same, 

the Adaptation function converges slowly, the arm angle 

and the pendulum angle also increase in stability but 

slower than keeping the same number generations and 

increase the number of individuals. 

 If simultaneously increasing the number of generations 

15, 20 and 30 corresponding to the number of individuals 

of 20, 30 and 50, the Adaptation Function converges very 

quickly, the arm angle  and the pendulum angle  

stabilize faster. 

From this simulation result, it can be applied to control a 

class of correlated nonlinear objects. 
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Parameters of 2 PID controllers after tuning for good 
response 

Kp1=30.653; Ki1=1.844; Kd1=3.879; 
Kp2=8.447; Ki2= 0.630; Kd2= 2.939; 
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Fig. 8.  Simulation result of angle θ and α after 30 generation 


